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Abstract

In this paper we discuss scattering problems inherent in curved microstrip structures
mounted on thin dielectric structures. We provide approximate boundary conditions
for such structures in the framework of integral equations.
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1 Introduction

The solution of the scattering problem of a plane wave by a metallic target coated by a thin
dielectric substrate requires to solve a system of integral equations coupling the solution
in the gain and the surrounding medium. Then, the resulting method is both time and
memory consuming. Moreover, since the scale of the spatial change in electromagnetic fields
in the direction of the thickness of such a thin layer is considerably different from that in
the transverse directions, such a direct formulation suffers from numerical instabilities if
the dielectric layer is too thin. An alternative to this approach consists in approximately
simulating the interior propagation phenomenon by the way of a boundary conditions, the
so-called approximate boundary conditions, set on the surface of the obstacle and next to
solve the associated scattering problem. See [4, 12, 10, 3].

In this paper we discuss scattering problems inherent in curved microstrip structures
mounted on thin dielectric layers. These structures are widely used in printed-circuit tech-
nology, microwave integrated circuits, and the antenna industry [9, 14, 7, 11]. It has been
difficult to analyze electromagnetic fields around such structures. Indeed, the classical ap-
proximate boundary conditions do not provide an accurate approximation of the electro-
magnetic fields due to the fact that the presence of the microstrip patch causes a change in
the relation between the electromagnetic fields at the dielectric interface.
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This paper extends the concept of approximate boundary conditions to microstrip struc-
tures and gives a detailed mathematical derivation of an approximate boundary condition
for a microstrip patch in the framework of integral equations.

2 Problem formulation

Let  be a bounded domain in R?, with a connected C>“,0 < o < 1, boundary. For h > 0,
let Q4 := {z € R?\ Q : dist(z,09) < h} and Q. := R? \ (QUQy). We assume that the
outer part of 9y consists of two disjoint parts I and T'. so that 0Q; =T UT, U 9. Put
Ty :={z € IN:x+ hv, € T}, where v denotes the outward normal to 9Q. The domain Q4
represents the thin dielectric structure while I' represents the antenna patch mounted on it.

The profiles of electric permeability and permittivity are given by

Hd, YIS Qd7
pn(z) =

/‘l‘€7 X 6 Q€7
en(z) = €d, x € Qyq,
€e, x €,

where g, tte, €4 and €. are positive constants. If we allow the degenerate case h = 0, then
the functions uy(z) and e, (x) are equal to the constants . and e..

Let ky := w\/11q€q and define k. likewise. For a given incident wave F;, let E,l: denote
the solution to the scattering problem

1
% /TVE,E(:E) +w?en By (1) =0, x€Q.UQy,
h
with the radiation condition

V'~ B)(x
lim m(w — ik (B~ B)(x)) =0,

|z]|— o0
and the Dirichlet boundary condition
E} =0 ondQUT. (2.1)

Then the scattering problem in the presence of the patch can be written as

(A+EkHE}, =0 in Q,

(A+E)E; =0 in Qg,

E} =0 on I'U 09,

Ej|ly = E}|- on 09, (2.2)
el =l on

i (B i - o)) =0



Here and throughout this paper, F|; and F|_ denote the limits from inside and outside the
given domain, respectively.

Let E}, be the solution without the patch, that is, the boundary condition (2.1) is replaced
with ©w = 0 on 0F2. Then E}, is the solution to

(A+k*)E, =0 in Q.,

(A+EHE, =0 in Qg,

E,=0 on 0f)

Enly = En|_ on 9., (2.3)
i%Jr:i% B on 0f),

Jim Vlzl (W — ike(Ey — Ei)(x)) = 0.

The main objective of this paper is to present a schematic way based on a boundary
integral method to derive the leading-order term in the asymptotic expansions of E} as h
goes to zero. Because of the changes in the electromagnetic fields around the microstrip
patch, E,l: can not be approximated inside the thin layer by a linear function in the nor-
mal direction. This causes the most serious difficulty in deriving approximate boundary
conditions for a patch antenna mounted on a thin dielectric layer.

3 Asymptotic formula for the solution without patch

We start with deriving an asymptotic expansion of Ej, as h goes to zero.
Let ®. be the fundamental solution for the Helmholtz operator A + k2, that is,

11
Pe(r,y) =~ Hy' (kelz —y]).

where Hél) is the Hankel function of the first kind of order 0, and let ®; be the one for
A+ k3.

For a bounded smooth domain D in R?, let S§, and D%, be the single and double layer
potential defined by

Spe(e) = /6 R@)pl)iny). @R

Dhelo) = | R o)ints). @ B2\ aD.

It is well-known that

0She B 1 o
o, i(ﬁﬁ) = (ﬂ: 2I—|- (K%) )cp(az) a.e. x € 0D,
1
Dol () = (F 5T +Kp)ele) ae weoD,



where K% : L?(0D) — L*(9D) is the operator defined by

0D, (x,y)

py(z) =p.v. av, e(y)do(y),

oD

and (K$,))* is the L?-adjoint of K¢, and is given by

D) =p-V-/ Mw(y)do(y)

oD aym

Those operators with the superscripts e replaced with d denote the corresponding layer
potentials defined with ®4.

Let the space H!(9)) be the set of functions f € L?(9€,) such that df /0T € L*(98.),
where 9/07 denotes the tangential derivative on 9€Q.. The following lemma is essentially
from [1].

Lemma 3.1 Suppose that k32 is not a Dirichlet eigenvalue for —A in Q and k% is not a
Dirichlet eigenvalue for —A in R?\ Q.. For each (F,G) € H(0.) x L?(0).), there exists
a unique solution (f, g1, g2) € L2(0Q) x L?(09Q.) x L?(0R) to the integral equation

86, f — ngegl ~88go=F on 09,
OS¢ 082 d
1 6./ _ 1 %a9 ’ _ 1 9549 =G on 09, (3.1)
He ov |4 Hd v - J7% ov
85%691 + Ssdzgz =0 on Of).

Moreover, there exists a constant C independent of F' and G such that

I fllz2 000 + 91200 + l92ll200) < C(HF”Hl(BQe) + ”GHL2(BQE)>- (3.2)

Proof. We sketch a proof of this lemma. Since k2 is not eigenvalue for —A in €, S& has an
inverse (S&)~! : HY(0Q) — L%*(99). Tt follows from the third condition in (3.1) that

g2 =—(88)7" ((Sgeglﬂag) on 05).

Let X := L?(09Q) x L?(09Q) and Y = HY(09Q.) x L?(09.), and define the operator
T:X —Y by
T(f.g0) : = (86, f — Sh.91 — SHSA) (S8, 91)lon).

1 88561" 1 35&91‘ 1 983(S3) (88, 91)lac)
108.f _ 108he 1 )
e Ov |+ pg Ov 1— g ov

Then (3.1) can be rewritten as T'(f,g1) = (F, G). We also introduce Ty : X — Y defined by

nlto) = (5 -Ston 5, - 5 )

We see that T — Tp is a compact operator form X into Y. It is proved in [1] that Tp is
invertible provided that k? is not a Dirichlet eigenvalue for —A in R?\ Q.. Thus by the



Fredholm alternative, it is enough to prove that T is injective. Suppose that T(f,g1) = 0.

Then the function u defined by
86, f(x) for z € Q,
u(z) = i

8§,91(x) + S&ga(x) for x € Qq,

is the unique solution of the transmission problem

(A+k>)u=0 in Q.,
(A+kDu=0 in Qg,
uly = ul- on 09,
1 Ou 1 Ou

—o = Q.
ueaz/L ,udal/‘f on 9
u=20 on 01,

with the radiation condition

lim /[a] (85(5) - ikeu(x)> = 0.

By the uniqueness of a solution to the interface problem for the Helmholtz equation, we
conclude that f = g1 = 0 and hence g2 = 0. The estimate (3.2) is a consequence of

solvability and the closed graph theorem. This completes the proof.

O

In the next lemma we give a representation of the solution of (2.3). From now on, we
assume that k?l is not a Dirichlet eigenvalue for —A in € and k? is not a Dirichlet eigenvalue

for —A in R? \ Q..

Lemma 3.2 Let (¢, 1,12) € L?(08) x L?(0) x L?(0Q) be the unique solution of

8§, — S& b1 — Sdo = —E;
1.9(8§, ) 1 9(85 1) 1 0(Saen) 1 OE;

e Ov 1+  pug Ov - g Ov e OV
S& 1+ Sie =0

Then the solution Ey to (2.3) can be represented as
Ei(z) + 85, ¢(x), z € Qe,

En(z) = d d
84, ¥1(x) + Soiba(z), x € Qq.

(3.4)

Proof. Note that Ej, defined by (3.4) satisfies the differential equations and the transmission
conditions on 9, given in (2.3). The uniqueness of a solution to (2.3) proves the claim. O

The following lemma is essentially from [12].



Lemma 3.3 For h > 0 small enough and for any ¢ € C1(9R), the following expansions
hold uniformly in x € 00

Soo(x + hy) = SGé(x) + hagf(b (@ +0(), (3.5)
a5 98§
mﬂf (@ + hy) = afj) @)+ o), (3.6)

where O(h?) and O(h) terms depend on ||¢|lc1(aq). Moreover, if ¢ € L*(8Qe), then the
following expansions hold uniformly in x € 0S):

86,6(x + hv,) = Sho(a) + h((K6) d(x) + Kad(a) + Salpd)(@)) + O, (37)
S, 6(2) = S50(2) + h( (51 + K8)H(w) + Sa(pd)(2)) + O(12), (3.8)

where ¢(x) == ¢(x + hvy), x € IQ, and p(x) is the curvature at the point x € dQ. The
O(h?) terms depends on ||§||2(0q,)- The same formulae hold for S§¢ and S& ¢.

Proof.  Since 90 is C**, S&¢ € C*(Q.) if ¢ € C'(9Q). Thus (3.5) and (3.6) are simply
Taylor expansions.
To derive (3.7), we note that from [5] it follows that

O (z+ hvy,y + hvy)
)
=~ (kel(@ = y) + h(ve — 1))

1
= 2—log|(x—y) + h(vy — vy)| + 7e
iy

+ i [bm logkelx —y + h(vy — vy)| —|—cm} [ke|(x —y)+ h(v, — l/y)|rm,

m=1
where the constant 7. := % logke +v — % and +y is the Euler constant. Using the formula

n

log(1+7)=— i (=7)

- (Ir] < 1), (3.9)

n=1



we obtain that

O (x+ hvg,y + hiy)

. (x —y) - (o —vy) + hlve — 1y [?
|z —y|?

1 2
1og|x—y|2+alog[l+h }—1—7’6

T
> b b 2z —vy) - (Vg —vy) + hlvg — 1|2
+Z [bmlogke+cm+7log|x—y|2+—log<1+h (z—y) w) + ) vl )}

™

m=1 2 |fE—y‘2

2m N m! 20 2 2\t

x k™ 3 [ =gl — o (20 =) (e =)+ W2 =)
£=0

0. (z,y)
vy Ovy

If do. denotes the surface measure on 9f)., then
doe(y + hvy) = (1 + hp(y))do(y) + O(h?), y € 99, (3.10)

as was shown in [2]. Thus we obtain (3.7).
To obtain (3.8), we use duality. It follows from (3.5) and (3.10) that for any f € L?(09),

S5, 9(x) f(x)do

[219]

=/, ¢(9)Saf(9)do(y)

= | Oy + hvy ) (S&f) (y + hvy)do (y + huy)

= [ o) [Sa () + h(GT+ (K8)) £@)) (1L + o) doty) + 00,

Thus we get (3.8). This completes the proof. O
R We are now in position to derive from (3.2) the following asymptotic expansion. Let
f(@):= f(x + hv,) for € 9 as before.

Lemma 3.4 Let (p,v1,12) € L?(0Q) x L*(982) x L2(0Q) be the unique solution to (3.3).

As h — 0, the triple (@,z@l,wg) converges to (o, 97, 18) in HY(OQ) where (¢o,9,49) is
the unique solution to the integral equation

= @e(x,y) +h

S(%SDO = _Ei7
0 0 _
Y1+ vy =0, on 9. (3.11)
0 Hd Hd e Hd aE”
S _ Hdyexe ,  HdOZi
! 2pte 7 He 0 %o fe OV ’



Proof. Using Lemma 3.3 and taking the limit in (3.3) as h — 0, it follows that
S&p — Siahy — Shps = —E;,

L06Spe)| _ LOSad) | LS| _ _L1OE a0 (312)
e Ov 1+ pug Ov 1— ug Ov I+ lhe OV

Sy + S8y, = 0,

Let ¢o,%) and ¥ be the solutions satisfying above equations. Since S3 is invertible, it
follows from the third equation in (3.12) that

Y +9 =0 on 9Q.

It also follows from the second equation in (3.12) that

L oy Md Hd e ta OE;
2(1/% Vy) = 2t ¥o o Ko o w v
Therefore the proof is completed. O
Define Ey by -
Eo(z) = S&po(z) + Ei(z), =€ R*\ Q. (3.13)

Note that Ej is the solution to the following scattering problem:

(A+EkHE;=0 inR*\Q,

EO =0 on 6(2, (314)
. d(Ey — Ei)(z) .
1 —————— — ik (Fy — E; =0.
Jim VIl (52 ike(Eo — By)(x))
Lemma 3.5 Let ¢ and @o be as in the previous lemma, and define o*" by
Lh ._ ¢ — o
" T

Then as h — 0, Y converges to ¢y in L*(0) which satisfies

OF;
ov

Sapr () = (T + (F = DKR) ~ Ko~ SEM, o + (1 1)

on 09, (3.15
2te He ( )

where M, is the multiplication operator by p.

Proof. Subtracting the third equations in (3.3) and (3.12), we get, for z € 99,
0= [S§,¢1(z) — SG1 ()] + [Sha () — SE3 ()]
= [88.91(x) — Sqvb1 (2)] + 8§ (11 — ¢7) () + S (12 — ¥9) ().
If we define (177", 1p3") = (%%w?, ¢2~+w3) and divide above equation by h, then we get

_ S& () — Sdahi(z)

0
h

+8d (w}’h + w;’h)(:c), z € Q.



Sending h — 0, it follows from Lemma 3.3 that
1 1 . 1,h 1,h ay-1(1 d d 0
o+ g = Jim (01" +9p") = (887 (ST + K&+ SEM,) ). (3.16)
h—0 2
By virtue of Lemma 3.3, the first equation in (3.3) takes the form
Sip+ h((K5)" + Ky + SaM, )¢ — Sk — h((C0)" + K + SaM, )i

OF;
ov

on 0. By subtracting the above equation from the first equation in (3.12), we get

1
~ Sie = h(51 + Kb e = —Bi — h - 4 O(2),

St = S (w1 +va™) — (k)" +Ka + SaM, )@ + ((K8)" + K& + SaM, ) by
(a5

5 + O(h?).

Observe from (3.16) that the right-hand side of above equation converges in L%(09), as
h — 0, to

1 * e €
— (1 + K+ S0, ) 9 — ((K8)" + K+ SaM, ) 2o
0E;
v’

+((K8)" +1cs + S50, )0l + (51 + K8 )08 -

It now follows from (3.11) that " converges to ¢; in H'(9S) as h — 0 and ¢ satisfies
(3.15). This completes the proof. O
In view of the third equation in Lemma 3.3 and Lemma 3.5, we get

S5, p(w + h) = Sipo(w) + hSapr(@) + h((K8)" + K + S5M, )po(x) + o(h)

O @)~ 28 w)] 4 olh)

Hd (5(55%)

Lbe ov L(x)—i— v
#a 9Eo

O
pe OV 1+

= Stieo(a) + A

= Steeo(a) + A (x) = G @)] +olh),

for x € 99 and hence,

@ 8E0

E =
h(z + huy) hue 5

() + o(h) for z € O0. (3.17)

Thus we get the following theorem.

Theorem 3.6 Let Ey be given by (3.13) and let Ey be the solution to

(A+E)E; =0 inR*\Q,

_ (M 1)
E, = (Me 1) 5, " 09,
1 \/ =
ol | |( 0| keEl(m)) 0



Then the following asymptotic expansion for Ej:
En(x) = Eg(z) + hE1(x) + o(h), (3.18)
holds uniformly in any bounded subset of Q..

We should emphasize the fact that the (first-order) asymptotic expansion derived in
Theorem 3.6 is independent of the electric permittivity of the thin layer. The effect of the
profile of the electric permittivity is of higher-order.

4 Representation for E

We begin this section by proving the following uniqueness result.

Lemma 4.1 Problem (2.2) has at most one solution in H. (R?\ Q).

Proof.  Let E} be the solution of (2.2) corresponding to E; = 0. Then we see that
El'l4+ = E}|- =0 on I'. Applying Green’s formula to a domain Bg of radius R containing
Qg4, and using the transmission conditions, we have

1 1
[ (VLR - el P) + [ (IVEEP - el ERP)
Qq “Hd Q.NBp “He
1 — 1 —0E}, 1 —rOE;
:/ (——E}:AE,E—quAEﬂQ)—F/ (Br 5| - Bt )
Qa Hd Q. \Md vol— e v ol

1 —= 1 —=0E}
+/ (- ~ETAEL — we.|EL 2) +/ —E,f—h’
Q.NBr He oBp Me v |-

-/ Lo +/(1EF8E5’ - Lapdh)
aBRuehﬁu— r\pg Pov o e M oov Iy

-/ E} 98}
OBRr /’l/e 81/ 7.

Taking the imaginary part of both sides, we obtain

E} OE}
0=1Im n 98, .
OBR /J’E 81/ -
Using Rellich’s lemma and the unique continuation principle, we arrive at E}: = E}: 0 =
0. This completes the proof. ’ ‘O
Define the Dirichlet-to-Neumann map A : Hz (9Bg) — H~ 2 (dBg) by
ou
Ag) = —
@) =205,

where u is the unique solution to the exterior Dirichlet problem for the Helmholtz equation
in R\ B with the Dirichlet boundary data g on 9B which satisfies the radiation condition.
The following result from [8] is of use to us.

10



Lemma 4.2 There exists an operator Ao : H2 (0Bg) — H™2(8Bg) such that

/ @AOQO < 01
OBRr

and A — Mg is a compact operator from Hz(OBg) to H™ 2 (OBg).
Using arguments similar to those in [6], we can obtain the following lemma.

Lemma 4.3 For any incident field E;, there exists a unique solution EY in H} (R*\ Q) to

loc
(2.2).

Proof. Let HL(Br\Q) := {(p € H'(Bg\Q) | ¢ =0 on FUBQ}. We formulate the following
variational problem which is equivalent to solving (2.2): Find u € H}(Bg \ Q) such that

/ (vSp -Vu _ w26d¢u> T / (Vs@ -Vu _ w266¢u)
Qa4 Hd Q.NBgr He
_ / P ou
OBRr /‘Le 81/
_ 5 OE,
:/ ﬁA(u+Ei)—/ po ’
OBRr Me OBRr Me ov
for any function ¢ € HE(Br \ Q). Define

Vo - Vu Vo - Vu ©
M) = [ (v [ (B ) - [ Za),
Qa Kd Q.NBr e 8BRr Me

Ao(u, ) = /a Z (o~ - [ (et g [ @,

Br ,U/e Q.NBRr

and
OF;

ve)= [ 2 (8- G),

for u, € HE(Br \ Q). The problem (2.2) can be rewritten as follows:

Al (E}I: - EiX(Qe)’ <P> + AQ(E}I: - EiX(Qe)a 90) = L(‘:O) for all P e H%(BR \ﬁ) (41>

Using Lemma 4.2, we get

Vu|? Vul|? U
Re(Ay(uw,w) = [ (N ) + / (N ) - e | o
Qq ~ Hd Q.NBr * He 9Bg He

= Collullin s

Furthermore, |A;(u, )| < CHU”%F(BR\Q)HQOH?LP(BR\Q)' Thus, by the Lax-Milgram theorein
and the Riesz Representation theorem, there is a bounded linear operator T' on Hf\(Br \ ©2)
having a bounded inverse such that (Tu, p) = A1 (u, ¢) for all u, o € HE(Bg\ Q) where (-, -)

is the inner product on HY(Bg \ Q).

11



We define the operator K on HE(Bg \ ) by
(Ku, ) = Ay(u, ), forall u,p € H-(Bp\ Q).

The compact embedding of H'(Bg \ Q) into L?(Bg \ Q) and the compactness of A — A
from Lemma 4.2 imply that the operator K is compact.
In short, we have

((T—’_K)ua(p):Al(u7<)0)+A2(ua<p)v fOI'QOGHll(BR\ﬁ),
with T invertible and K compact. If (T'+ K)u = 0, then
Ai(u, ) + Az (u,0) =0, for all p € HL(Br \ ),

and hence by Lemma, 4.1 v = 0. Using the Fredholm alternative, we have existence of a
solution to (4.1). This completes the proof. O
Let Gi(z,y), 7,y € R?\ Q, be the Green’s function satisfying

(A+kz)Gh:§y in Qea

(a+K)Gh =3, in Qg

oGy, 1

—— —ik.Gr| = O ,

ov ‘ ( /m) (4.2)

i—aGh = i—aGh on 0,

ta Ov l—  pe Ov I+

Gh‘ = Gh’ on 896,

- +
G,=0 on 0f2.
Then we have the following representation for the solution of (2.2):
B (@) = En(o) + [ Galo,p)un()dor, (4.3
r

where tr is given by

’(/Jr(al‘) .

OEL ‘ e OEL ‘
= ) — — xr
Ovy 1+ fq Ovy |-

12



Indeed, by the divergence theorem, we get for x € €2, that

L%(EE (x) - En(2))

€

= / i(A + k2)Gh(2,y)(E}, — En)(y)do(y)
Q. He

+ /Q d id(A + k3)G(,y) (EL — En)(y)do (y)

[ ] @ E ) - Bw) - oG] ) (ER) ~ Ent)ides)
4 T r _ T T _
N /m Ghie,y) a(Eléyy En) ’+(y> B Ghid, y) c’)(E,éVy En) ‘7(y)da(y)
:/FGh(%y)(:eaai}; Y —:daaij: ‘_(y))da(y).

We now derive an asymptotic formula for E}. Since Gp(z,y) is the Green’s function of
(4.2), for any continuous function f on 99 the function u defined by

wa)i= [ ZED o). @ cR\D

is the solution to

(A+EHu=0 in Q,
(A+kHu=0 in Qg,
uly = ul- on 0%,
1 Ou 1 Ou
ol B e e,
MeauL ,uday’f on 92
u=f on 0f),
with the radiation condition. In particular,
) G (x,
tim [ 2D 00 = fao) (14)

r—xo €N 90 81@
if f is continuous at z¢. Therefore, we get

Ey(z) - Ei(x) :_/ 9Gn(z.y)

s Ei(y)do(y). (4.5)

Let Go be the Green’s function for A + k2 in R?\ , i.e.,

{(Am +k2)Go(z,y) =6, mR2\T,

_ 4.6
Go(z,y) =0 r €0, ye R\ Q, (4.6)

together with the radiation condition. Note that (4.4) holds with G}, replaced with Go.
Since Ej is the solution to (3.14), we also have

P Eio(y) (47)

13



It then follows from (3.18), (4.5), and (4.7) that

0o) oty = | 29I yaoy) + 0.
a0 Yy Q Yy

Since this identity holds for any incidence field F;, we have

oG 0G
Oy vy
which holds uniformly for z in a bounded subset of €2, and y € 0f.
By Taylor expansion, we get, for y € 02,

oGy,
vy

oG
Gu(,y + hury) = G () + hy () + o(h) = h
Y

It then follows from (4.8) that for z € Q.,

/Gh 2, 9)vr(y)do(y / Gy + huy e (y + by ) (L + ho(y))do (y)

(z,y) + o(h). (4.9)

—nf 9G04, ) (y)do () + olh),
o

vy
where _
Y(z) =¢Y(xr+ hvy) for z eT. (4.10)
If £ = x¢ + hvy, for some xy € 'y, then
0G)

0G,
Tuy(xo’y) +O(h),

0+ ) =

and hence, we have

[ Grtapctdot) = h [ S0, n)iwdo(w) + o)
r To

= hp(x0) + o(h), (4.11)

where the last equality holds thanks to (4.4).
Note that by Theorem 3.6

OF,
Ep(z + hv, )—hZ‘: (@) +o(h), @ €T

It then follows from (4.11) and the condition on the patch

/F (2, y)er(y)do(y) = —Ep on T

that O
Tl — _ Hd 950
P(x) = o Oy (x), xzeTy.

We finally arrive at the following result.

Theorem 4.4 We have the following asymptotic formula for EF :

EL(2) — Bp(z) = —h*d /F 9Go . aEO( Yo (y) + o(h), (4.12)

oal/y

which holds uniformly in any bounded subset of Q. for h small enough.

14



5 Numerical Experiments

In this section, we perform numerical experiments to demonstrate the validity of the ap-
proximation formulae (3.18) and (4.12). We first provide an explicit form for G}, defined by
(4.2) when 0Q and 09, are the disks centered at the origin with radius r and r + h. If we

write

7
Gel(@,y) = ®c(2,y) + He(z,y) = —~HS" (ke|z — y|) + He(z,y),

4
Ga(z,y) = ®a(z,y) + Ha(z,y) = _*Ho N(kalz — y)) + Ha(z, ),
then the functions H, and Hy satisfy
(A+ k) H.(z,y) =0 for z,y € Q, (5.1)

(A+k§)Hd(xay) =0 for T,y € Qd7

In addition, by (4.2), H. and H, are subject to the transmission conditions:

He(x7y) - Hd(xay) = @d(.ﬁ,y) - (DE('ray) for T,y € 8967 (53)

1 0H.(z,y) 1 0Hg(x,y) 1 09,4 1 0%,
- di\ny) 2 OHdnY) S Q, (5.4
o, o D (z,y) O, +(x, y) onz,yed, (54)
Hy(z,y) = —P4(x,y) for z € Q4 and y € 99, (5.5)

and the radiation condition:

H,
lim Mm(w ik H,(z, )) —0.
—00 xr

Since H, is the solution of (5.1) satisfying the radiation condition, we have
Za HD (ko) H (kely]) cos n(8 — 6,),

for z = |z|e?= and y = |y|e?». In addition, because of (5.5), we have

(oo}

Hd(a??y):Z(a In(Kal])Ju (kalyl) + 05 T (kal2]) Yo (Kaly])

n=0
+ by Yo (kalz]) T (kalyl) + €4 Y (kal2])Y, (kdly\)) cosn(fy — 0y).

Here the functions J,(t) and Y, (¢) are the spherical Bessel functions and the spherical
Neumann functions of order n satisfying

() + () + [ = n?)f (1) = 0.
We now find the complex constants a%,al, b, c? forn =0,1,.... Set £(m) = 1if m #0

n»'ny v n’ ’fl

and £(0) = 2. Using the condition (5.5) and the fact that for x € Q4 and y € 02

HV (k| —y|) = HSY (k|z]) Jo (k[y|) +2ZH“> (K|]) Jn (y]) cos né,

n=1
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we derive

ad _ d Yo(kd’r‘) )

" " Jo(kar) - 20(m)’
7bd J ( ) 1 Jm(kd?”)
Yiu(kar) — 26(m) Yo (kar)’
4)

by cosm(f, — 6,)/(2n?) for m = 0,1,..., and

(5.6)

(5.7)

for m > 1. Multiplying (5.3) and (5.
integrating over 0. yield

/ / ~ Hylx,y)) cosm(0 — 0,)do(x)do(y)
BQ 0

~ /m /aﬂ Pa(,y) = @ (2,y) ) cosm(0 — 0,)do(x)do(y),

and

(LOoHelry) L 0Hutz.y) )
272 /69 /dQ 81/ T ow )cosm(@w 0,)do(x)do(y)

(’ x

1 OVy(x,y) 1 9%c(z,y)
~ on2 /89 /BQ - )COS m(0, — 0y)do(x)do(y).

pa O pe  Ov
It then follows that, for m = 0,1, ...,
a, H® (ke (r + h))?
— a, T (ka(r + 1)) = 26 Jon (ka(r + h) Yo (ka(r + ) — ¢ Vi (ka(r + R))?

1
= 20r + h)Zn2e(m) /89 /396 D4(z,y) — @e(m,y)) cosm(0y — 0y)do(x)do(y),  (5.8)

and
o, T el £ 10) (B Gt 1)y o) )
m Lle r+h eim
gl Jm(kd;iz +h) (me(fi(:L-i- h)) —kaJmy1(ka(r + h)))
Ly (Jm(kd’l(; +h) (mY(Tki(T h) dem+1)
Ym(k:d/iz +h)) (me(:ci(:L—l— h) dem+1))
B ZIYm(kd(r + h)) (mY (Tki(v;l—k h)) deMH)
T+ h 2(r + h)2w2(m) /asz /asz Mld a‘bglz = Mle 8(13(;(:: y)) cosm(f = by)do(@)da(y).
(5.9)
Using (5.6)-(5.9), we get the values of a%,,a?,, b, cd form =0,1,....

Finally, we illustrate our approximate boundary condition in the following numerical
experiments. Our configuration involves two circular disks of radii 0.5 and 0.49 so that

16



imag(Ep)

real(Ey) | 0.05

imag(Ey)

real(Ey)

Y=
\0 / AV

-0.5 -0.05 -0.05
-05 .5 0 100 200 0 100 200

Figure 1: The case without patch.

h = 0.01. Corresponding dielectric permittivities e, and €4 are equated to 2 and 6 and
magnetic permeabilities . and g are equated to 4 and 3. The frequency is fixed to w =1
and E; = e***d with d = (1,0).

We solve for the solutions Ej, and E,l: using our approximate boundary conditions, and
Ep and E£ using a boundary integral method. To accomplish this, we discretize the integral
equations at the node points on 92 and on 0f2. given by

2r(n—1) . 2w(n—1)
d_
& = T(COS N ,sin N ) on 01,
. 2m(n—1) _2n(n 1)
e w(n — . 2n(n—
&n=1(r+ h)(COS N ST ) on 09,

forn=1,2,..., N, with N = 256.

Example 1. In this example, we compare Ej, (computed using a boundary integral method)
and E, (using the approximate boundary condition in Theorem 3.6) without patch. Figure
1 shows the numerical results. In the first diagram, the blue line is the real part of E, and
the red line is the real part of Ej, on 9. The second diagram shows the imaginary parts of
E), and Ej, on 89Q.. The error computed in L2 and L™ are [|E —EhHLz(aQe) = 3.4091e—004

max |Ep — Eh\ = 7.1113 — 004 which are of order h2.
Example 2. In the second example we consider the case with patch. The configuration is

the same as in Example 1. In the first diagram in Figure 2, the red-line represents the patch
I". The mesh points on I' are given by

2r(n—1) . 2w(n— 1))7

r
S — h ( s
& (r+h)| cos - sin -

for n =1,2,..., Np, with Ny = 32. The second and third diagrams express the difference
between the real and imaginary parts of E,I; (the exact field which is computed by solving
the integral equation (4.3)) and E£ (solved using the approximate boundary condition in
Theorem 4.4) on 0€2.. The error is || Ep, — Eh||L2(aQe) = 3.9992¢ — 004 and max |E), — E,| =
0.0021. Relatively large errors occur at the end points of the patch.
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0.5 0.05

real(EY) | 0.05

imag(E})

real(E}) imag(EL)

\ 0 0 w
-05 K -0.05 -0.05
05 0 05 0 100 200 0 100 200

o

Figure 2: The case with patch.
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