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Abstract

We investigate in a quantitative way the plasmon resonance at eigenvalues and the
essential spectrum (the accumulation point of eigenvalues) of the Neumann-Poincaré
operator on smooth domains. We first extend the symmetrization principle so that
the single layer potential becomes a unitary operator from H~'/? onto H'/2. We then
show that the resonance at the essential spectrum is weaker than that at eigenvalues.
It is shown that anomalous localized resonance occurs at the essential spectrum on
ellipses, but cloaking does not occur on ellipses unlike the core-shell structure consid-
ered in [20]. It is shown that resonance does not occur at the essential spectrum on
three dimensional balls.
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1 Introduction

The Neumann-Poincaré (NP) operator is a boundary integral operator which arises natu-
rally when solving classical Dirichlet and Neumann boundary value problems using layer
potentials. This operator can be realized as a self-adjoint operator using Plemelj’s sym-
metrization principle (see the next section). If the boundary of the domain is smooth, the
operator is compact (see [9, 16]) and its spectrum consists of the point spectrum (eigen-
values) and the essential spectrum which is an accumulation point of the eigenvalues.
The purpose of this paper is to investigate resonance at eigenvalues and at the essential
spectrum, and compare them in a quantitatively precise way. The resonance at the eigen-
values of the NP operator is the plasmon resonance [10]. We show that the resonance at
the essential spectrum (on ellipses) is the anomalous localized resonance which was first
discovered on a concentric core-shell structure in [22].

To be more precise, suppose that a bounded simply connected domain € in R? (d=
2,3) is occupied with a plasmonic material of negative dielectric constant. In general the
material property of the domain 2 is represented by €. + id where €. < 0 is the dielectric
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constant and § > 0 indicates the dissipation. Let €,, > 0 be the dielectric constant of the
matrix R\ Q. So the distribution of the dielectric constant of the structure is given by

A + 10 ?n Q, B (11)
€m in R\ Q.
We quantify the resonance through the following equation:
V-eVu=a-Vd, in RY,
1-d (1.2)
u(xz) = O(|z]'~%) as |z| — oo,

where a is a constant vector and d, is the Dirac mass at z € R%\ Q. If us is the solution
to (1.2), the resonance is characterized by the blow-up of ||Vus||z2(q):

Vs 2) = 00 as & — 0. (1.3)

We are particularly interested in the blow-up rate of ||Vus|r2(q) in terms of § when the
resonance takes place. We emphasize that as 6 — 0 € tends to €. < 0 in €2, and so the
problem is not an elliptic one. Resonance is connected to the spectrum of the NP operator
because of the transmission conditions (continuity of the potential and the flux) along the
interface 0€2:

Oug oug

usly = ué‘—7 fmg n = (e + 25)5 _on o9, (1'4)

where the subscripts + and — denote limits to OS2 from outside and inside €, respectively.
We will make this connection clear in section 3.

The findings of this paper show that the generic rate of the resonance at the eigenvalues
is 6~! while that at the essential spectrum is weaker than 6~'. We then show that
resonance occurs at the essential spectrum (0) on ellipses and exact rate of resonance
is provided. It turns out that it is anomalous localized resonance (see subsection 5.1 for
precise statements). We also show that resonance does not occur at the essential spectrum
on the three dimensional balls. For the purpose of analysis on resonance we extend the
symmetrization principle and show as a result that the single layer potential is a unitary
operator from H~'/2(dQ) onto H'/?(dQ) (H* is a Sobolev space). We also derive an
expansion formula for the fundamental solution of the Laplacian in terms of eigenfunctions
of the NP operator which seems of independent interest. It is worth mentioning that it
is recently found in [21] that on a disk a complete resonance occurs at 0. This happens
because 0 is the only eigenvalue of the NP operator on a disk.

Recently there is rapidly growing interest in the spectral theory of the NP operator
in relation to plasmonics. In [17] the Poincaré’s variational program was revisited with
modern prospective and symmetrization of the NP operator was proved. Eigenvalues
on disks, ellipses, and balls were computed [4, 14]. Asymptotics of eigenvalues of the NP
operator associated with closely located two-dimensional convex domain has been obtained
in [5, 6]. There has been progress on spectral theory of the NP operator on non-smooth
domains. A bound on the essential spectrum on the two-dimensional curvilinear domains
has been obtained [23]. Quite recently, the complete spectral resolution of the NP operator
on intersecting disks has been derived which in particular shows that only the absolutely
continuous spectrum exists [13]. Interestingly, the results in [13] shows that the spectral
bound obtained in [23] is optimal in the case of intersecting disks. The spectral theory of
the NP operator has been applied to analysis of cloaking by anomalous localized resonance
on the plasmonic structure [1] and to the study of uniformity of elliptic estimates [12].



This paper is organized as follows. In section 2 we review and extend the symmetriza-
tion of the NP operator. In section 3 we derive an expansion formula for the fundamental
solution of the Laplacian in terms of the eigenfunctions of the NP operator and obtain a
representation of the solution to (1.2). Resonance at eigenvalues and at essential spectrum
is studied in section 4 and section 5, respectively. In Appendix we derive explicit expan-
sion formula for the fundamental solution in terms of spherical harmonics and elliptic
harmonics.

2 Neumann-Poincaré operator and symmetrization

Let us first fix some notation.

e We denote by H~1/2(9Q) the dual space of H'/2(9Q), and by (-, -) the duality pairing

of H~Y/2 and H'Y?, and | - ||s denotes the H®* norm on 9. Let Ho_l/z((?Q) be the
space of 1) € H=1/2(9Q) satisfying (¢,1) = 0.

e The notation A < B means that A < C'B for some constant C', and A ~ B means
that both A < B and B < A hold.

e Let f(4) and g(d) be positive quantities depending on §. We write f(J) ~ g(d) as
6 — 0 if there are constants C; and C5 such that

f0)
C) < m < Cs. (2.1)

Let T'(z) be the fundamental solution to the Laplacian on R? (d = 2,3), i.e.,

1

2—1n|az|, d=2,
I(z) = 7T1 L

——z|™", d=3

el

The Neumann-Poincaré (NP) operator on 0%, denoted by Kyq, is defined by

Konlilla) = [ AT~ y)ply)doly) @ € 08 (2.2)

where % indicates the outward normal derivative in x-variable. The adjoint operator

K%, on L2(89) will be called the adjoint NP operator.
Importance of the adjoint operator in dealing with interface problems lies in its relation
with the single layer potential Spa[p] defined by

Soalie)(x) = /a T y)pl)doly) . e R (2.3)

The following jump relation holds:

0

= Soalel] () = (25T +K3a) lel(e), = €00, (24)

where the subscripts £ indicate the limits (to 0€2) from outside and inside of €2, respec-
tively.



The NP operator is not self-adjoint on the usual L?-space, unless the domain  is a
disc or a ball (see [19]). However, it is found in [17] (see also [11]) that the adjoint NP
operator K, can be symmetrized using Plemelj’s symmetrization principle (also known
as Calderdn’s identity):

Saakho = KoaSaa- (2.5)

Define, for ¢, € H-1/2(0Q),

<90,7/1>H* = *<@7Sdﬂ[¢]> (26)

Since Spo maps H~1/2(9Q) into H'/2(9Q), the right hand side of (2.6) is well-defined. It

is known that (-, )y~ is an inner product on Ho_l/Q((?Q), and the norm || - [+ induced by
this inner product is equivalent to the H~/2(9) norm, namely,

lellze- = lloll-1/2 (2.7)

for all p € HO_I/Q(@Q) (see [12]). Let H{ be the space HO_I/Q(C'?Q) equipped with the inner
product (-,-)3=. Then the symmetrization principle (2.5) shows that K}, is self-adjoint
on Hj.

Let us now consider symmetrization of Kgq. The NP operator Kyq can be symmetrized
using (2.5) expressed in a different form:

K3aSh0 = SpaKoa, (2.8)

provided that Sa_é exists. However, it was proved in [24] that Sa_s% exists only in three
dimensions (or higher), and there are domains €2 in two dimensions where Sa_s% does not
exist. Here we present a simple way to overcome this difficulty.

To symmetrize Kpn, we use, as a replacement of Spn in (2.5), the operator A :
H=12(00Q) x C — H'Y2(0Q) x C defined by

AW, a) == (Soalv] + a, (¥, 1)). (2.9)

It is proved in [3, Theorem 2.13] and [12] that A is invertible for d > 2. For f € HY/?(9%)
let

(Wy.ar) = ATY(F,0). (2.10)
Then v € Hy “/*(99) and it holds that

Soalvs] +ap=f (2.11)

Moreover, we have
[pll=1/2 + lag[ = ([ f1/2- (2.12)
This shows in particular that the mapping f — a is a bounded linear functional on

H'Y2(09). So, there is a unique o € H~/2(dQ) such that

ag = (o, f) (2.13)

for all f € H/2(09). Since such a (17, ay) is unique, we see that ay = 1if f = 1, in other
words,
(g0, 1) = 1. (2.14)



Since Kaq[l] = 1/2, by applying Kaq to both sides of (2.11) we see that
1
KoaSoalis] + 5ar = Kaolf].
It then follows from (2.5) that

1
Soakoalts] + Fa5 = Kaalf],
which implies that ax,,(y) = %a , in other words,

{0, Kaalf]) = (v, f)/2.
So, we have

. 1
Koalpo] = 50, (2.15)

namely, o is an eigenfunction of K, (on H ~1/2(9Q) corresponding to the eigenvalue 1/2
normalized by (2.14). We can infer from the jump formula (2.4) and (2.15) that Spa[po]
is constant in ). We emphasize that the function ¢ already appeared in literatures. It is
proved in [24] that Spalpo] = 0 in Q for some domain  in two dimensions, which is why
Saq is not invertible.

We now define a variant of the single layer potential on H* by

. S if (p,1) = 0,
Soale] = { oole) . 1) (2.16)
1 if o = 9.
Then we have an extension of (2.5):
gaQ/CSQ = /Caggag. (2.17)

Using this we can extend the inner product (2.6) (defined on H0_1/2(8Q)) to H-1/2(09).
For ¢, € H='/2(9Q), define

(0, V)3 = — (0, Spalt]). (2.18)

We also have a new inner product on HY2(9Q):

(0, V)3 = — (10, Sy [¥]). (2.19)

If we define H to be H/? (0€2) with this inner product, then Kagq is self-adjoint on H. We
emphasize that norm | - |3 is equivalent to || - ||; /2. Moreover, Spo : H* — H is a unitary
operator. Observe that if {1;}72, is an orthonormal basis of Hg, then {1;}32; U {0} is
an orthonormal basis of H* and {Saq[¢;]}52; U {1} is an orthonormal basis of H.

3 Representation of the solution

If 992 is C1*-smooth for some o > 0, then it is known that K3q is a compact operator on H*
(see [16]). Since K, is self-adjoint on Hg, its eigenvalues {A;}32, are real and accumulates
to 0. We emphasize that |\;| < 1/2 (see [7, 24]). Let {;}32; with [[¢;[lz= = 1 be
the corresponding (real valued) eigenfunctions counting the multiplicities. Then we have
shown in the previous section that {Saqa[t;]}52; U {1} is an orthonormal basis of H.
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Fix z € R4\ Q. Then I'(- — z) belongs to HY?(9f), and so admits the following
decomposition:

(z — 2) ch (2)Saaltj](x) + co(z), = €09, (3.1)

for some constants ¢;(z) (dependmg on z) satisfying

> lei(2)]? < oo (3.2)
j=1

Since —(Spqa[v;], ¥i) = di; where 6;; is the Kronecker’s delta, we see that

cj(z) = — /89 I'(z — 2)¢j(x)do(x) = =Saealt;l(2), j=1,2,3,....
We also see from (2.14) that

co(z) = Soalpol(z), 1=1,2,3,....

So, we obtain the following formula:

['(z - 2) ZSaQ ¥;](2)Soalth;](x) + Saaleol(2), = € 09, (3.3)
Observe that )
Zsfm [1()Soalts]l| =D ISsalty](2)]” < . (3.4)
=1
H
Since || - [|% is equivalent to || - ||;/o as shown in the previous section, we find from the

trace theorem that » 22, Spa[v;](2)Saq(i;] converges in H(Q) and is harmonic in Q.
So, we obtain the following theorem on an expansion of the fundamental solution to the
Laplacian.

Theorem 3.1 It holds that

T(z — 2) Zsag ;](2)Saalt;](x) + Sealpol(z), z€Q, z€ R\ Q. (3.5)

If Q is a ball, then Spn(t);] is a spherical harmonics (see subsection 5.2). Therefore
(3.5) is the expansion of I'(z — z) in terms of the spherical harmonics, which is well-known
(see, for example, [16]). We will show explicit formula for (3.5) when 2 is a unit ball in
R3 or an ellipse in R? in the Appendix. The formula (3.5) shows that the fundamental
solution can be expanded on any smooth domain in terms of the localized plasmon (the
single layer potential of an eigenfunction is called a localized plasmon). The estimate
(3.4) shows that Spa[;](z) — 0 as j — oo for all z ¢ Q. So, if j is large then Spq[t);] is
localized near Q. It explains why Spq[t);] is called a localized plasmon.

We now derive a representation of the solution to (1.2). Let

F.(z):=—a-VI'(z—2), z#=z (3.6)



Then AF,(z) = a- Vd,(x), and hence we see from transmission conditions (1.4) on 92
and (2.4) that the solution us to (1.2) can be represented as

us(x) = Fo(x) + Spalps](z), xR (3.7)
where the potential @5 € H{(0€) is the solution to the integral equation
(AT~ ) [os] = B F. on 90 (3.5)
(0, F, denotes the normal derivative of F,). Here

€+ €m + 10

A= .
2(ec — €m) + 2i6

(3.9)

Note that A — (ectegn) as 0 — 0. The number €./€,, such that (6@“5;) is an eigenvalue

of ICj, is called a plasmonic eigenvalue [10]. We emphasize that €. is negative if and only

if % lies in (—1/2,1/2) where the spectrum of ICj, lies.

Since Kjq, admits the spectral decomposition

Ko =>_ Xt ® ¢y, (3.10)

j=1

the solution ¢s to (3.8) can be expressed as

- i /\C“J_(Z) (3.11)
j=1
where
aj(2) = (O, Fz,15) 5 - (3.12)

We can see from (3.6) that

9 I'(z — 2)Spal¢;](z) do(x).

aj(z) =—-a-V
j() o0 Ovz

It can seen from (2.4) and (3.5) that

9 P2 = Z%w o Sonluil() = 3 (5 = A ) Saalts]()v4 (o).

vy st
It then follows that ]
a;(z) = (Aj - 5)@ VSpalti](2). (3.13)
4 Resonance at eigenvalues

We investigate the behavior of the solution us when A approaches to one of eigenvalues
A # 0 as § — 0, namely, when

€.+ €em
— =\ 4.1
e — ) Al (4.1)
We show that
Vs r2(0) ~ 51 asd —0, (4.2)



as one may expect.
We first show that

IVSaalellizz () = ¢l (4.3)
for all ¢ € Hj. In fact, we see from (2.4) and (3.10) that

0
HVSBQ[(P]H%2(Q)_/ Saﬂ[ﬁp}afsag[@]‘ do
o0 v

_ <% (_%I+ /CEQ)[SO]>H*

=35~ M)l b
j=1

Since |Aj| < 1/2 and accumulates to 0, we have (4.3).
We now see from (3.11) that

. 2
—FZ 2 . = ’a] |Oé](2:)‘ )
IV (us — F2) 13200 = ll 0513 AZA e w* Zm—w
l 1

If \j # A;, then |\; — ;| > C for some positive constant C' since \; # 0, and so the second
term on the righthand side above is bounded as § — 0. Since |A — A\j| ~ d as § — 0, we
obtain

IV (us = F2)ll 2y ~ 67
Since ||V F%||r2(q) is bounded, (4.2) follows.

5 Resonance at the essential spectrum

In this section we assume that 0 is not an eigenvalue of K. Since eigenvalues of K7,
converges to 0, {0} is the essential spectrum of KCj,. It is worth mentioning that we are
not aware of any domain other than disks on which the NP operator has 0 as an eigenvalue.
If 2 is a disk, then K%, = 0 on Hg.

We consider the resonance when A — 0 as § — 0, in other words, when

€.+ €n =0. (5.1)

In this case, we assume that A = 4§ for simplicity of presentation.
We first obtain the following theorem which shows that the resonance, if it occurs, is
never at the rate of 6~! unlike the resonance at eigenvalues.

Theorem 5.1 It holds that
6—0

Proof. We obtain from (3.11) and (4.3) that

(2
19 (us ~ E)l22(0) Z o v. (53)



We then decompose the summation into two parts as

Z'(;‘;JHQ_ Z ‘2+ 3t Y 5 |O‘J _:51+52. (5.4)

Ajl<é A 251> 5

Since Y |a;(2)|? < oo, we have

528 < Z laj(2)]* = 0 as § — 0.
IAj1<é

To show that 625y — 0, we express Sy as

o0 ) 2
S=> 3 ‘(gffl’?.

k=0 2k§<|\;|<2k+15

Then we see that

oo [e.9]

28 <> le PEETEEESY : +122k S as2)

k=0 2k§<|\;| <2k H15 k=0 IAj|<2k+15

For each fixed k, E‘)\ﬂggkﬂé a;j(z)* = 0 as § — 0. So we infer that So — 0 as § — 0 by
Lebesgue dominated convergence theorem. The proof is complete. O

In order to derive estimates for the resonance, we need to investigate the asymptotic
behavior of the quantity on the righthand side of (5.3) as § — 0. This seems a quite
difficult task since it depends on the behavior of A\; and «;(z) as j — oco. So, we deal
with two specific domains, ellipses and three dimensional balls, where eigenvalues and
eigenfunctions are known. It is worth mentioning that the disks are out of consideration
since the NP operator on disks are 0.

5.1 Anomalous localized resonance on ellipses

We first consider the resonance when € is an ellipse in R?. The elliptic coordinates
z = (z1,22) = (21(p,w), 22(p,w)) is given by

z1(p,w) = Rcoswcoshp, x2(p,w)= Rsinwsinhp, p>0, 0 <w < 27.
When the above holds, we denote p = p, and w,. Then we can represent 0f) as
00 = {x € R% p; = po} (5.5)

for some py > 0. The number pg is called the elliptic radius of €2. The position z of the
source is denote by p, and w, in elliptic coordinates. We obtain the following theorem
whose proof will be given in the next section.

Theorem 5.2 Suppose that Q2 is an ellipse given by (5.5). Then we have

§=3r=/Po|log 8| if po < p= < 3po,
IVusll2(q) ~ { [log 8 if p= = 3po, (5.6)
1 if p= > 3po,

as 6 — 0.



The quantity Es := 6|Vus||?, () 18 of particular interest since it represents the imagi-
nary part of the energy, namely,

3| Vus) ey = CJ\/ e[Vus|*da.
Rd

Physically it represents the electro-magnetic energy dissipated into heat. Estimates (5.6)
shows that F5 — oo if pg < p, < 2pp while it tends to 0 as § — 0 if p, > 2pg. So the
critical (elliptic) radius is 2pg. This phenomenon is reminiscent of the anomalous localized
resonance (ALR) discovered in [22, 20] (see also [1, 8, 18]). There it is shown that a disk
(a core) is coated by a concentric disk (a shell) of plasmonic material, then ALR occurs
if the source is located within a critical radius, and does not occur for sources outside the
radius. This is exactly what (5.6) shows. It also in accordance with the result in [8] where
the core-shell structure of confocal ellipses of radii pe > p; is considered. There it is shown
that the critical (elliptic) radius is given by

Py = (3Pe - pz)/zv if Pe < 31017
* = .
2(pe — pi); if pe > 3p;.

If the core shrinks, in other words p; tends to 0, then p, tends to 2p, which is the critical
radius found in this paper.

ALR also requires the solution to be bounded outside a bounded set. This requirement
is satisfied on ellipse as the following theorem shows. Theorem 5.2 and Theorem 5.3 show
that ALR may occur not only on the coated structures but also on simply connected
structure. So ALR may be regarded as resonance at the accumulation points of eigenvalues.
We emphasize that the NP operator on the coated disk has 0 as its essential spectrum as
proved in [1].

Theorem 5.3 Let Q be an ellipse given by (5.5). It holds for all x satisfying py+p.—4po >
0 that

o0
ug(x) — Fo(z)| S Y e mpetpe—ieo), (5.7)
n=1
In particular, let p > 0 be such that p > 4pg — p., then there exists some C = C5 > 0 such
that

sup |us(z) — Fa(z)| < C. (5.8)
Pz>p

To prove Theorem 5.2 and Theorem 5.3 let us recall some facts on the NP operator
on ellipses. It is proved in [4] and [8] that eigenvalues of K}, are

An:%z%po, n=1,2---, (5.9)
and corresponding eigenfunctions are
¢S (w) == E(po,w) Leosnw, ¢ (w) :=Z(po,w) tsinnw, n=1,2--, (5.10)
where
2 = Z(po,w) := Ry/sinh? pg + sin® w. (5.11)
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It is also proved in the same papers that

h
c O i i p <
Soalon](@) = coshinpy oy (5.12)
—————e "cosnw,  p> po,
n
and il
) _SHABP —npo sin nw, p < po,
Soalon](®) = 1 sinfinp, s (5.13)
——e Sin nw, P = po-

n

Here and afterwards (p,w) is the elliptic coordinates of z. Since the length element do on
0f) is given by

do = Zdw, (5.14)
one can see that b
7 cosh npg
165 B = —{65 Sonlof]) = TR0
and .
7 sinh npg

A

So, the normalized eigenfunctions are

c nenro c s nemnro s
=y — =0, . 5.15
¥n \/ 7 cosh npg s Yn 7 sinh npg On (5.15)

e~ npPo
| B cosh np cos nw, P < po,
Salvilia) = ¥ LTk o
_ \/me—np cosnw,  p> po,
nm
[(z) = {

nenpro

We see from (5.12)

and from (5.13)
e~ "Po
e sinh np sin nw, P < po,
Spolts] (x n:;:lr? }?PO (5.17)
\/me—np snnw,  p>po.
nm

Proof of Theorem 5.2. We see from (3.13) and (5.3) that

o |y (2)?
|V (us — Fz)”%%ﬂ) ~ Z 521_1_ )\?
j=1

=3 o [l VSl +la- Vsl
n=1 n

> 1 €™ cosh npg _ 2 €™ sinhnpg _ . 2
:;52+)\%[ — }a-VZ (e ”pzcosnwz)’ +T|a-vz (e ””zsmnwz)‘ }

11



Since coshnpg ~ sinh npg ~ €%, we see that

laj (2 e2npo o s
Z 52j+ >\2 Z 52 +)\2 T “a V. (e COS”Wz)l2 + |CL-VZ (e smnwz)’ﬂ
—
] (5.18)
as 0 — 0.

Let U(w) be the rotation by the angle w, namely,
cosw —sinw
Ulw) = [sinw COS w }

Using the change of variables formula

i = L cos w sinh 2 — sinw cosh 2
or1  Z(p,w)? p@p P bw

and
0 R

i h 0 + inh 0

— = ——— | sinwcosh p— + cosw sinh p—
drs  E(p,w)? pé?p P

where Z(p,w) is given by (5.11), we see through tedious but straightforward computations

(we omit the computations) that

—Rne™™°
a-V (e ™cosnw) = ——a-U(nw)b(p,w
( )= Sy @ Ve
and . ,
—Rne™™"
a-V(e"sinnw) = ——-a-U(nw —7/2)b(p,w),
( ) = 2 Ul = w/2(p.)
where

sinwcoshp|

o) = |

Let 6,, be the angle between the vectors a and U(nw)b(p,w). Then we have

cos w sinh p]

la - U(nw)b(p,w)|* = |al?|b(p,w)|? cos® b,

and
la - U(nw —m/2)b(p,w)[* = |al*|b(p,w)|? sin® 6y,

which implies

2,-2np |2 b 2
‘a-V(e_"pcosnw)f—i— ‘a-V(e_"”sinnw)‘Q = e ol (p,w)\Q. (5.19)
R2 (sinh? p + sin? w)
It then follows from (5.18) that
loj(2 ne2nroe=2nps
~ _— 5.20
DL s oo

n=1

as 0 — 0.
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We now investigate the asymptotic behavior of the righthand side of (5.20) as § — 0.
Let

1
N = —log25} , 5.21
[ 2po (5.21)
which is the first number such that § > %e*QN Po_ Then one can easily see that
e 2npo ,—2npz 2npo ,—2npz 1
ne e ne e 4 —2n(pz—po)
P o D DR D B TP I .
n=1 n<N n>N n<N n>N
Observe that
1 if p, > 3po
2np0 ,—2np, ’
ne-"oe 2n(3po—p= .
ZWNZ%”( P0=r=) ~ { | log 52 if p. = 3po,
n<N n<N ’10g5‘5*3+Pz/P0 if po < ps < 3po.

On the other hand, we have

1
= Z ne—2n(p=—ro) |10g5|5—3+p2/po‘

n>N
So we infer that
ne2npPo e—2np: 1 ) ?f Pz > 3po,
ZW” | log d| if p. = 3po,
n=1 " |log 8|6—3+P=/P0if py < p, < 3po.

Since HVFZH%Q(Q) is bounded, we obtain (5.6). O
Proof of Theorem 5.3. One can see from (3.7), (3.11) and (3.13) that

usle) — F() =3 = (; - An> [(a- V.Soalu5](2)) Sonlvs](2)
n=1 n

+ (a- VSaaln](2) Soalin](x) |-
It then follows from (5.16) and (5.17) that

u(;(x)—Fz(x)_ZuS 1)\ (1_A )

n=1

€0 cosh npg
X [7 (a -V, (e_"pz cos nwz)) e~ P cos nwy
nmw

npo ginh

€"P0 sinh npg _ . _ .

_ (a -V, (e Pz gin nwz)) e P sin nwx}
nmw

where (p,,w,) is the elliptic coordinates of z. Therefore we have

|us () )| <Z

We then see from (5.19) that

ednpo

[ ‘a -V, (e_""z cos nwz)} + ‘a -V, (e_”pz sin nwz) ‘ }e‘”pz

00 €4np0 o]
jus(z) = Fa(x)| £ )~ —ne "eem0r = 3 e nlpetoaio),
n=1 n n=1

(5.8) is an immediate consequence of (5.7). This completes the proof. O
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5.2 Anomalous localized resonance on balls

The following theorem shows that resonance at the essential spectrum does not occur if
) is a three dimensional ball.

Theorem 5.4 Suppose that § is a three dimensional ball and f(x) = a-Vé,(x) for some
2z € R3\ Q. Then there is a constant C such that

for alld.

Proof. Assume that () is the unit ball centered at 0 for convenience. Then eigenvalue of

K3, are ,

22n+1)’

and corresponding eigenfunctions are Y,*(Z), m = —n, —n+1,--+ ,n — 1, n, the spherical
harmonics of degree n, where & = x/|x| (see [2]). It is also proven in the same paper that

An = n=12..., (5.23)

! Y, (z), for |z] =r <1,
SoalY"|(z) = 2n1+ 1 (5.24)
— Py (3, for || =r > 1.
2n+1

So the eigenfunctions normalized in H* are

1
'Ibn< ) WYT?L(JT)’ m = —n,—n+1,"' ,n—17n. (525)

According to (3.13) and (5.3), we have

62+>\2 252+>\2 Z |a - VSaalui](2)[". (5.26)
7j=1

We see from (5.24) that Spa (1] is a homogeneous harmonic polynomial of degree —(n+1)
in R?\ Q. So, we have

) B n+1 X
F=Soalv|@) = v ST Al Y (@), ] > 1 (5.27)
J m=—n—1

for some constants a%m, 7 =1,2,3. We then have

3 n+1

m 2
J 7Sl e = s Y 3 Il

=1m=—n—1

We then infer from (4.3) that

n+1

n+22 S lahnl S 05

j=1lm=—n-1

e =1.
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It then follows from (5.27) that

n+1 n+1
TS -2 (Y S W) S mrer)
1 m=—n-—1 m=—n—1
. n+1
GRSV I AT O]
m=—n—1

where ro = |z|. Using the Unsold’s theorem

n
2 1
Z |Y7:n(2)|2: n 7n:071727"'7

M 47
we obtain
[VSoalv ()| < nrg * . (5.28)
We now see from (5.26) that
00 3 —2(n+2 12)
||v(u5 ”L2 Z 52 n )\2 ~ Zn TO ].

for any ¢. Since HVFZH%Q(Q) is finite, the proof is completed. O

Appendix: Expansions of the fundamental solution

In this appendix we write down the formula (3.5) explicitly when Q is a unit ball in R3 or
an ellipse in R? to demonstrate the connection of (3.5) with the known expansion formula
of the fundamental solution for the Laplace equation.

Let 2 be the unit ball in R®. We see from (5.25) that the eigenfunctions in H} are

1
—Y" n=12,...andm=-n,—n+1,....n—1,n, }.
oTES R }

One can easily see that ¢o(z) = 4= and

1
I for || =r <1,
Soaleol(x) = T (5.29)
-, for |z] =r > 1.
A r
Then, using (5.24) and (5.29), we have
Iz —2) = - i Z Yom@Yam(3) - — L r<l<r,  (530)
(2n + 1)3 drr,” T ’

where r = |z|, 7, = |2| and & = z/|x|, £ = z/|z|. As mentioned right after Theorem 3.1,
(5.30) is the well-known expansion of the fundamental solution in R? in terms of spherical
harmonics.
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Now let 2 be an ellipse with the elliptic radius pp in R%. Then eigenfunctions in 1} are
given by {¢¢,1:}22, defined by (5.15). We can see from (5.16) and (5.17) that Z(pg,w) ™
is orthogonal to {¢¢, 1215, in H*. So we have from (2.14) that

n=1
1

olWw) = c—=——=-
P0) = = o w)

Moreover, one can see that

1

?(p0+lnR—ln2), P < po,
Soalgol(a) = § 7T (5.31)
%(p+lnR—ln2), P > po,

where (p,w) be the elliptic coordinates of 2 € R?. In fact, as p — oo, we have

R
|z| = R\/cosh2 pcos?w + sinh? psin® w = 56" +0(1),
which implies that
p+InR—1In2=Inlz|+O(z|™') as|z| — .

Note that p is a harmonic function. So, the righthand side of (5.31) is constant in p < po,
harmonic in p > pg, and behaves like In|z| as |x| — 0o. So the equality in (5.31) holds.
Using (5.16), (5.17) and (5.31), we now have

oo
1
Nz—2)=-— Z — (coshnpcosnpe "= cosnp, + sinh npsinnpe™ "= sinnp,)
nm1 "7 (5.32)

1 R
+—|ptIn| o)), p<po<ps
2T 2

where (p,w) is the elliptic coordinate of x € Q and (p,,w,) is that of z € R2\ Q. An
expansion of a derivative of I'(x — z) is also obtained in [8, (4.6)].
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