—^LP I ľu„Á, 2000[ 2ą§

èźffi : 9Ú 28ffi

1. Let the function f_n be monotone increasing and continuous on [0, 1].

Suppose that F (x) = ∑_∞ n=1 f_n(x) converges for each x ∈ [0, 1]. Show that F is continuous on [0, 1].

2. Suppose that a continuous function f : [0, 1] → R satisfies ∫_1 0 f(x)x^ndx = 0, n = 0, 1, 2, · · · . Show that f ≡ 0.

3. Suppose that ∑_∞ n=1 a_n = 0. Show that lim_{x→1−} ∞∑ n=1 a_nx^n = 0.

4. Let f(x) = L(x) + g(x) where L : R^n → R^m is a linear map and g : R^n → R^m satisfies ‖g(x)‖ ≤ M‖x‖^2 for all x and for some constant M. Show that Df(0) = L.

5. (5-1) Let f : R^n → R be differentiable at x_0. Show that the partial derivatives^{∂f}_{∂xj} (x_0) exist.

(5-2) Give an example showing that the converse is not true. Explain why your example is a counter-example.

6. Let h(x, y) = f(x, u(x, y), v(x, y)) where f, u, v are differentiable functions. Write down Dh(x, y) in terms of f, u, v and their derivatives.

7. (7-1) Find the critical points of the function f(x, y, z) = x^2 + y^2 + z^2 − xyz (x > 0, y > 0, z > 0). (7-2) Determine the nature of the critical points found in (7-1).

8. Let f : R → R be differentiable. Assume there is no point x ∈ R such that f(x) = f^′(x) = 0. Show that S = {x ∈ [0, 1] : f(x) = 0} is finite.