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Chapter 1

Introduction

In the first part of this lecture we study the layer potential methods to solve
the classical Dirichlet and Neumann problems developed in last 30 years.

Let Q@ C R™ (n > 2) be a bounded Lipschitz domain with a connected
boundary. A domain is called a Lipschitz domain if its boundary is locally
given by a Lipschitz curve. We consider the classical boundary value prob-
lems, Dirichlet and Neumann problems:

Au=20 in €,
DPIf]: { u=f on 0f),

and
Au=20 in €,
NP|g|:
9] % =g on 0f), u=0.
81/ o0

Lax-Milgram Theorem guarantee the existence of unique solutions u €
H'(Q) for the Dirichlet problem DP[f] with data f € H'/?(99Q) and the
Neumann problem N P[g] with data g € H~'/2(99), respectively.

To find the explicit solution of the boundary value problems, we will
write down the solution in integral forms. To this end, it is necessary to
introduce the fundamental solution of the Laplace’s equation: for z € RY,

x #0,

1
— log |z| d=2,
T(z):={ 27 (1.1)
1 2-d
|z d>3
(2 — d)wa

where wy is the surface area of the d — 1 dimensional unit sphere. Then
—AT'(z) = §(z) in the distributional sense where § is the Dirac delta func-
tion. The double layer potential and the single layer potential with density

3



4 CHAPTER 1. INTRODUCTION

g on ) is defined to be:
Sag(x) == /a RCETPOT (1.2)
Daglz) == / VL@ — ) f)doy, o €R™M OO (13)
o0

where v, is the outer unit normal vector to 9 at y € 0€2. By the property
of the fundamental solution T,

Dqf and Sg are harmonic in R™ \ 09.
Therefore to solve DP[f] it suffices to solve the following integral equation
Find ¢ € L?(99) so that Da¢|sq = f on 9. (1.4)

This simple question involves a great deal of hard analysis and it is the
purpose of this note to explain the theory to solve (1.4).



Chapter 2

Boundary Value Problem on
C2-Domain

2.1 Layer Potentials on C?-domain.

Let Q be a C?-domain. The main advantage of the C? case over the Lipschitz
case in dealing with Dirichlet or Neumann problems is the following fact; If
Q2 is a C*-domain, then

(€ —y,vy) = O(lx —y>) Va,y € 09, (2.1)
and hence 5
—TI r _ 2.2
| e s g e
Since 0f2 is a manifold of dimension d — 1, it thus follows that
0
——T(z,y)|do(y) <C (2.3)
o0 8l/y

independently of € 9Q. This makes the theory for C?-domains much
easier than that for C' or Lipschitz domains. You may notice that if the
given domain has C'® boundary for some a > 0, then (2.2) holds with the
power d — 2 in the denominator of RHS replaced with d — 1 + «. So what
will be said in this chapter is true even if the domain is C1®. But we will
continue to assume that the domain is C? for simplicity.

To see (2.1), we may assume, after rotation and translation if necessary,
that y = 0 and near 0 (2/,24) € Q is given by x4 > ¢(z), where ¢ is a
defining function for © near 0 such that ¢(0) = 0 and Vy(0) = 0. Then
vo = (0,—1) and it is easy to see (2.1). We make note of

0 _i<y—$,Vd>
8I/yF( y)_

T4 TYE o09.
wd ’35 —y!

)
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Define the boundary integral operator g by

1 (y —z,1vy)
Kaf(o) = — /m Y ey, e o0

Let us fix notations: for a function defined in R?\ 99, set

ulg(z) = tETOu(x +tv,), €0,

when the limit exists. So the subscript + and — denote the approach from
outside and inside ), respectively.

Theorem 2.1 Let f € C(9N2). Then

Dofls(P) = (F51 +Ka)f(P), P eon (24)

Proof. We first observe that

1 ifze
(z,y)do(y) =< 1/2 if z € 0N (2.5)
o0 81/y . i\ =
0 if v € R*\ €.
(2.5) can be proved using the Green theorem. We leave the proofs as an
exercise.

If x € 2, then by (2.5)

0

Daf(e) = [ 5T~ n)lf) - S(PIdol) + 1)
a0 vy

Let w(x) be the first function in the RHS of the above. If z = P —tvp, then

w(z) — w(P) as t — 0. To prove this, for a given ¢ > 0, let 6 > 0 be such

that | f(y) — f(P)| < € whenever |y — P| < §. Then

w(z) — w(P) = /a . aﬁym D) - F(P)ldo(y)
[ TP )l - f(Pde(y)
00N Bs ]

0 0
+ Iy - -Z1(P- — f(P)]do
Lo 50T =9 = (P =] 1) = 1P at)
=1L+ I+ Is.
It easily follows from (2.3) that

L] < Ce (2.6)
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Since

%, o |z — P
—I(x—y)— =—T(P— <C—, V o2
v, (z—y) o, (P—y)| < P VeI
we get
5] < CM]z — P, (2.7)

where M is the maximum of f on 9. To estimate I; we assume that P =0
and near P, Q is given by y = (v/,yq) with yg > ©(3/) where ¢ is a C%-
function such that ¢(0) = 0 and V(0) = 0. With these coordinates, one
can show that

') +t

0

vy

and hence
11| < Ce. (2.8)

Combining (2.6), (2.7), and (2.8), we can see that

limsup |w(z) — w(P)| < Ce.
t—0

Since € is arbitrary, we obtain

L Lk P,

Daf|-(P) = (2

To see the other identity in (2.5), it suffices to notice that if 2 € RY\ €,
then

Dof(x /8 ) 9 1w~ y)[f(y) - F(P)do(y).

Ovy

which follows from (2.3). The rest of arguments are the same. This com-
pletes the proof. O

Let K, be the adjoint operator on L?(952). Then

. 1 <y z, Vx)

Then in a similar way one can prove
Theorem 2.2 Let f € C(0N2). Then

I(Saf)

2ol (p) = (i%[ +LKH)F(P), P eoq. (2.9)

+

In order to solve DP[f] and N Plg], it is now enough to solve the following
integral equation:

(%I + K)o =f on 09,
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and 1
(_QI +Kaq)p =g on 0.

Another advantage we can use for C?-domains is that the operator Kq is
compact. In fact, this follows from (2.1). More generally, we have the
following theorem:

Theorem 2.3 For each o > 0, the operator T, defined by

Tof(x) = /8(2 h}_];(’z)_l_ada(y), x € oS,

is compact on L*(09)).

Thanks to Theorem 2.3, we can use the Fredholm alternative to investi-
gate the invertibility of the operator :l:%[ + Kaq.

Theorem 2.4 (Fredholm Alternative) Suppose that K is a compact op-
erator on a Hilbert space X. Then, I + K 1is onto if and only if I + K is
one to one.

For proofs of Theorem 2.3 and Theorem 2.4, see [9)].

Theorem 2.5 Let X be one of L2(0Q), H'/2(9Q), and C(99Q), and let Xy
be the space of f € X satisfying faQ fdo = 0. Then, %I + Kq is invertible
on X and —%I + Kq is invertible on X

Proof. To prove I+ Kq is onto L*(99), we prove that I + K, is one to

one. Suppose that

(%I +K§)p=0 on 9. (2.10)

We first observe that Kq(1) = 1/2 which follows from (2.1) and (2.5). Thus

1 1 _
O—/m(QI—irICQ)(bda—/BQ(QI+ICQ)(1)¢dU / bdo.

o0
Let u(z) := Sq¢(x), z € R?\ Q. Then u satisfies
Au=0 inR%\Q,

@ =0 on 09,
+

ov

u(z) = O(|z|'=9) as |z| — oc.

In fact, the second follows from (2.2) and (2.10) while the third can be shown
as follows: Since [, ¢do =0,

Sad(r) = /8 [Pl =) = T@)oln)dots) = Ollal' ™). |a] .
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We now prove that « = 0 in R?\ Q. Since

/ \Vul? = —/ u%
RAG aq Ov

u is constant and this constant must be 0. Now since Sq¢ is continuous in
R? and harmonic in €, we get Sa¢ = 0 in Q and hence in R?. It then follows
from (2.2) that

do =0,
+

0

¢ = 5&@

0

- —8a¢

B =0.

+

To prove $1+Kg is onto LE(99), it suffices to prove that (11+K5)¢ = 0
and ¢ € L% (09), then ¢ = 0. However the proof is almost the same. In fact,
we first prove that Sp¢ = 0 in Q, and then using the fact ¢ € L3(9Q) we
prove Sa¢ = 0 in R

To prove the invertibility on the spaces H'/2(9Q) and C(09Q), it suffices
to notice that Kq is improving regularity (see the following exercise). O

Exercise. For this we suppose d = 3 for simplicity. If 9§ is C?, prove the
following.

(1) Kq : L*(0Q) — HY?(99) bounded.
(2) Kq: L2(09Q) — L8(0%2), L°(982) — L*(09) bounded.
(2) Kq: L>®(0Q) — C*(9R) bounded (a < 1).

Notice that the spaces are not optimal. (Hint. First localize the operator as
in the following section. Then you see that you end up with a convolution
operator. Then you can apply the generalized Young’s inequality, etc.)

2.2 Lipschitz domain

Before we move to the next section, let us take a look at the operator Kq
when 0f2 is only Lipschitz continuous. The main cause of serious difficulties
is the failure of (2.2) for the Lipschitz domains. For those, the following
holds:

0 0 C
i = < = , ,
’al/yF(x,y)' + ‘ayxf(a:,y)‘ S g x,y € 0N (2.11)

In order to see the type of operators we will be considering, let us localize
the operator Kq. Let {¢; : 7 = 1,..., M} be a partition of unity for 0.

We further assume that for each j, the set U(supp((x)), where the union
is taken over all k such that supp(¢x) N supp((;) # 0, is represented by a
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Lipschitz ¢ as x4 = ¢(z') after rotation and translation if necessary, where

' = (x1,...,24-1). Then

Kaf(x ch )Ka(Gf) Zicjk

For those j,k with supp(¢x) Nsupp(¢;) = 0, it is easy to see that ;i is
bounded on L?(99). But for those j, k with supp((x) N supp(¢;) # 0, it
becomes a completely different story. For such j, k the kernel of the operator
Kji. takes the form, after rotation and translation,

L{y—zvy) 1@ —y) Vo) + (ply) — () 1

wa le—ylt ey 24 Je(e) - ey)P2 VI IVR()P
Therefore, the type kernels are
5~ 4 N pla") = ¢¥)
a1 d
(=" = ' + lo(a') — (y)I?] 2 [l2" = y'* + [e(2’) — e(y)[?]2
where ¢ is a Lipschitz function. More generally,

l2' = o2 + o(a) = o) ]2
where A and ¢ are Lipschitz functions.

The major part of the theory for this kind of operators is L? bounded-
ness. In this lecture, we will prove a beautiful theorem of Coifman-McIntosh-
Meyer [2]. Their result was further generalized to the celebrated 7'1-theorem
due to David-Journé [6]. There are many prerequisites to understand the
CMM theorem. Among them are classical theory of singular integral oper-
ators, maximal functions, Carleson measures, BMO.



Chapter 3

Calderon-Zygmund Theory
of SIO

3.1 Preliminary

In this chapter, we study the Calderén-Zygmund theory of singular integral
operators. We first state two major theorems to be used in this chapter and
throughout this note, without proofs. For proofs, we refer to [15]

Theorem 3.1 (Marcinkiewicz Interpolation Theorem) Suppose that
(1) T: L' + L>® — L' + L™ sublinear, i.c., |T(f1 + fo)| < |Tf1| + |T fol,

(2) T is of weak type (pi,q;) (1 =1,2, 1 <p; < g < ), i.e., there are
constants C; such that for all positive number \ and f € LPi,

{Tf >N} < <Ci|§”pi>%

Letp=(1—0) +0L andg=(1-0)1 +01 (0<0 <1). Then T is
of (strong) type (p,q), i.e, there is a constant C' depending only on Cy, Cs,
and 0 such that

ITFllq < Clifllp-

Remark. When ¢ = oo, the weak type (p,q) means the strong type (p, q).

Another important ingredient is the Hardy-Littlewood maximal opera-
tor. For an integrable function f, define

1 n
M (@) = sup o /C Iy, e (3.1)

where C).(z) is either B,(z), a ball centered at x with radius r, or Q,(z), a
cube centered at x with the side length r.

11
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Theorem 3.2 The Hardy-Littlewood maximal operator M is of weak type
(1,1) and (o0, 00), and hence is of strong type (p,p) for all p, 1 < p < 0.

Lemma 3.3 (Calderon-Zygmund Decomposition) Let f >0, || f]1 <
00, and a > 0 be a fixed number. Then there exists non-overlapping dyadic
cubes {Q;} such that

(1) f<a ae xze€R"\U;Qj,

(2) a< f <2,
Qj

1
h = — = .
ere ij Q| /ij e,

Before proving Lemma 3.3, let us state another lemma which is equiva-
lent to Lemma 3.3.
Let Q; be the cubes in CZ-decomposition. Let

9= fxemug, D fo;xg, and b= b= (f - fo,)xq;
J J

J

where xq, is the characteristic function of ();. Then f = g +b. Each b;
satisfies

Il < [ 171+ 16| < 27l

J

We also have
1 1 1
IES SE MEES Y SRNES TN
; ; (6% Qj (6% UQj «Q

and hence

gl = / g2
RTL

<2 upeY [ il
< 2'a/ 11427023 |Q;]
< 2[allf + 22"l fIl]

= 202" + Da| f1.

So we have the following lemma which is, in fact, equivalent to the CZ-
decomposition.
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Lemma 3.4 (CZ-Decomposition) Let f € L' and o > 0. Then f can
be decomposed as f=g+b=g+ Z;’;l bj so that

(1) llgl3 < 2**2a]|fll,

(2) suppb; C Q; and {Q;} is mutually non-overlapping,
(3) 11bsll1 < 2" alQyl,

(4) fQj bj =0 Vj,

(5) X;1Q41 < lIf Il

Proof of Lemma 3.3. For any integer k, let Dy, be the collection of all dyadic
cubes with side length 27%. So each Q € Dy, is a closed cube whose corners
are of the form (1;27%,....1,,27%) where [y, ...I,, are integers. Observe that
any two different cubes in Dj are mutually non-overlapping, i.e., they only
share, if any, sides which is of measure zero. We also observe that each @ in
Dy contains exactly 2" cubes in Dy 1, while each cube in Dy is contained
in exactly one cube in Dy.
Let o > 0 be given. Since f € L', there exists j such that

]{2f<a

for all @ € D;. Assume j = 0 without loss of generality. Let
flz{QEDllff>Oz}.
Q
If Q@ € D; \ F1, then bisect the sides of @ to have 2" sub-cubes. Define
fQZ{QGDQIff>OZ, andQQQforanyQG]:l}.
Q

Repeat this procedure indefinitely (if necessary) to have the classes Fy,
k =1,2,.. Enumerate all members of Uy F}, by {QJ'}; If Q; € Fj, for some
k, then there exists ) € Dy_; containing Q;. Since @ ¢ Fj_1, we have

1 n
<10l Jo,” |Q|/Qf_ 7€;f— “

If z € R™ \ U;Qj, then there exists a sequence {C;} of cubes such that

C12Cy -, [)Cj={z}, and C;€D;\F;
j
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By definition of F;, f—cj f < « for all j. It then follows from the Lebesgue
differentiation theorem that

f(z) = lim @/q fly)dy < « a.e. .

J—0o0

Note that the Lebesgue differentiation theorem used in the proof is
slightly different from the usual differentiation theorem which asserts that

r—>0 Bl |/ - = f(x) a.e. .

Such difference causes no trouble. In fact, if we define a maximal function

My f(z) = sup |Q/\f )ldy,

Q cubc

one can easily shows that M f(z) < CMf(z) for some constant C' depend-
ing only on the dimension n. Following the proof of the usual Lebesgue
differentiation theorem (e.g., [13]), one can prove the desired differentiation
theorem. 0

3.2 Singular Integral Operators

The singular integral operators are defined as follows.

Definition 3.5 An integral kernel k(x,y) (x,y € R™) is called a standard
kernel if for x,y € R,

(1) [k(z,y)] <

|z — gy’

(2) |Vak(z,9)| + [Vyk(z,y)| < Tz =gt
for some constant C.

Observe that the kernel of the type (2.12) in which we are interested is
a standard kernel on R~!. Moreover it is skew symmetric, i.e.,

k(y,z) = —k(z,y), =yeR"L

We will assume throughout this lecture that the kernel k(x,y) is skew sym-
metric.

The singular integral operator (SIO) T' corresponding to the kernel k(z, y)
is defined defined as a Cauchy principal value: for each f € C§°(R"™)

7f@) =pv. [ Mo i@y =lin [ benfed. (62

=0 |z—y|>€
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We first prove that the limit exists for each f € C5°(R™). For each € > 0,
let

ke(z,y) = k(z, y)X{|xfy|>e}a

and let T, be the integral operator defined by k.(z,y). Then k.(z,y) is also
skew-symmetric. So we get for all f,g € C5°(R"™)

T.1.9)= 5 [[ ko) [F@)ate) - Fwigta)]dedy.

Since |f(2)g(y) — f(y)g(x)| < Clz —y|, it is now clear that they converge as
e —0.

The main theorem of this chapter is the following which is already clas-
sical.

Theorem 3.6 Let T be a SIO. If T is bounded on L?, then

Cllf1l
A

(2) T is bounded on LP, 1< p < oco.

(1) RITfI> A} < , VfeL\¥A>0,

Remark. The meaning of Tf for f € L' is not clear yet. In view of the
CZ-decomposition, it is reasonable to define it by

Tf=Tg+Y Tbj, when f=g+) b
j=1 j=1

Since g € L?, Tg makes sense. We will give a meaning to Tb; after intro-
ducing the notion of BMO in the next chapter.

Theorem 3.6 says that an SIO which is bounded on L? is automatically
of weak type (1,1), and hence bounded on LP, 1 < p < c0.

Proof of Theorem 3.6. Let f € L' and A > 0. Let f = g + b be the CZ-
decomposition with respect to A and {Q;} be those cubes in Lemma 3.4.
Note that

71> M < [{ITgl > 231+ {178 > )1

By Lemma 3.4 (1), we have

A Tgl|? 4
> 31 [ Bl < Syrgg

(Tgl>2) (3)?

C o c
222\ flh = SRLAE

C a2
< 2ldllz < 35
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Let A = {z ¢ U2,(2Q;) : [Tb] > A/2}. Then, {|T0 > A/2} C
U321 (2Q;) U A. By Lemma 3.4 (5), we have

[e.e]

@)l < Z|2QJ| —2"Zrczj| < f||f||1

Jj=1 Jj=1

Suppose x ¢ 2Q; and let y/ be the center of Q;. By Lemma 3.4 (4), we
have

Th,(z) = / ke, )b (y)dy

:/‘[k(x,y)—k(x,yj)]bj(y)dy

— /Q_ Vyk(z,€) - (y — v )bj(y)dy

for some point £ € Q;. Since z ¢ 2Q;, |z — 3’| ~ |x — €| independently of z
and hence

c c
|z — &t = |z — it

[Vyk(z,€)] <

Thus Lemma 3.4 (3) leads to

y—y
Thy(a |<c/ )i

Q) /Q 1b;(y)|dy

S N
Ifﬂ—yﬂ ;
C 141
< WMQH &

where [(Q;) denotes the side length of @Q;. It then follows that

1
Th;(x dxg(JAQ“i/ T iz
i g, T s =
1
gc,\|Q.|1+n/ ——dr < C\|Qj].
! 2| >CU(Q;) |90’”+1 !

As a consequence, we have from Lemma 3.4 (5)

A< [
< 2/ )1 < S23 1)
A w\(z@) =

C
< Sl

/\
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This proves the weak (1,1) property of T'.

The strong (p, p) property for 1 < p < 2 follows from the Marcinkiewicz
Interpolation Theorem.

If 2 < p < o0, let T be the adjoint operator of T. Then T™ is also a
CZO. Thus || T* f|lq < C4ll fllg, 1 < g < 2. By duality, we have boundedness
of T on LP. In fact,

(Tl =1L T )l < [fllIT7gllg < Coll fllpllglla

where % + % = 1. Hence

Tf,g
171l = sup LD < oy
" e,

This completes the proof. O

Define

T.f(x) = sup|T.f(z)], = €R"
e>0

The following lemma is due to Cotlar.

Lemma 3.7 Suppose T is bounded on L?>. Then there is a constant C > 0
such that for all f € C§°(R™)

T.f(z) < C(Mf(z) + MTf(x)) zeR" (3.3)

where M is the Hardy-Littlewood maximal function. As a consequence, we
have
T fllp < Cpllflly VfeLP, 1<p<oo. (3.4)

Proof.  Suppose that x = 0 without loss of generality. If y € B,/5(0), then

T.f(y) — T.f(0) = /

ly—z|>€

_ /| . [k(y, 2) — k(0, 2))f(2)d=

+ / Ky, 2) f(2)d= — / k(y,2)f()d=
Be(0)\Be(y) Be(y)\Be(0)

=L+ 1+ I3

k(y, 2) f(2)dz — / k(0, ) (2)d=

|z|>€

For all y € B.2(0) and z € (Bc(0)\Bc(y)) U (Be(y)\Be(0)), ly — 2| > §, and
hence

C C
plnl <5 [ e+ S [ sl < s

n
€7 J By (0)



18 CHAPTER 3. CALDERON-ZYGMUND THEORY OF SIO

By mean value theorem, for y € B,/5(0) and 2 ¢ B,(0),

Cly| Ce
< .
|k(y7z) ( )| — ‘ ‘n—&-l — |Z’n+1
It then follows that
|f(2)]
1| < Ce d
14| \|> |27+l
(2)]
=C g dz < CM
‘ /Je<| |<2itle |Z’n+1 f( )

Thus we have for y € Be/g( )s

[T f O) < |Tef (W) + [Tef (y) = Tef O)] < |Tef (y)] + CMF(0).

If |T.f(y)| < 3|T.f(0)] for some y € B./2(0), (3.3) follows.
Suppose [T f(y)| > 3|Tcf(0)| for all y € B/5(0). Let x be the charac-
teristic function of B(0). Since T f(y) =T f(y) — T(fx)(y), we have

BE/Q(O) C F1 U Ey
where
Fi = {y € Benl0) : [Tf(y)] > {|T5(0))
By = {y € Bup(0) : IT(F0))] > {ITFO)]}

One can easily get

JTIONEl < [ iy

B)(0

Since T is of weak type (1,1), we have
!Tﬂ>Wﬂ<C/ y)ldy.
Hence
Beja0)|IT0)] < ITO(1Er| + | B
sa/ e+ [ 1))
B /2(0) Be(0)

It thus follows that
Te f(0) < C(MT f(0) + M [f(0))
for all € > 0. This completes the proof. O

As a consequence of (3.4) we can prove that the limit in (3.2) exists for
all fe P, 1 <p< 0.
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Lemma 3.8 Let f € LP, 1 <p < oco. Then

Tf(x)=lim k(z,y)f(y)dy, for a.e. x € R".

=0 |z—y|>e
Proof. Let A >0 and

A= {x limsup |Tf(z) — Tf(z)| > A} .

e—0

For a given § > 0, choose g € C§°(R™) such that || f — g||, < 6. Then

limsup [T f(x) — Tf(z)| < |Tu(f — g)(x)| + |T(f — g)(x)],

e—0

and hence

ACHIT(f = 9)(@)| > A2} ULIT(f = g)(x)] > A/2}.

It then follows from (3.4) that

) p
< - .

Since ¢ is arbitrary, |[A| = 0. This completes the proof. O

3.3 Convolution Operators

Theorem 3.6 says that for the LP-boundedness of a SIO, the main question
is L2-boundedness. We list some conditions on the kernel which guaran-
tee L2-boundedness of the SIO of the convolution type Tf(z) = (k x f)(z).
An essential property is “the cancellation property”. Since for convolu-
tion operators one may apply Fourier transform and Plancherel identity,
L?-boundedness of those operators can be derived without much difficulty.
Proofs of the following theorems can be found in [13].

Theorem 3.9 If k(x) satisfies

W) k) < &

|’

(2) / |k(z—y)—k(z)|de < C  forally #0 (Hdérmander condition),
|=[>2[y|

(3) / k(z)dr =0 for all0 < Ry < Ry < oo (Cancellation),
R1<‘CE|<R2

then T' is bounded on LP (1 < p < 00).
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Theorem 3.10 LetQ € C1(S™ 1) and [g,_, Q(z)do(x) = 0. Define Q(z) =
Q(é—‘) for x #£ 0. Then the operator T defined by

7fw) = pa [ 20 st~ )iy

is bounded on LP (1 < p < 00).

Here are two important convolution operator which fall in the case of
Theorem 3.10.

e Hilbert transform.

e Riesz transform.

Yj
Ri(x :cnp.v./ x —y)dy.
]( ) Rn |y’n+1 ( y) Y

Observe that the operator (2.12) is not a convolution type. The L2-
boundedness of the non-convolution type SIO is a very hard question and
this problem has been one of the central theme in the harmonic analysis and
potential theory.

For the operators of type (2.12) there is a impressive result due to
Coifman-McIntosh-Meyer [2]. The main purpose of this lecture note is to
reproduce, with details, their proof. The method of CMM was further de-
veloped to produce the celebrated T'1-theorem by David-Journé [6]. If time
permits, we will discuss about the T'1-theorem. But I don’t think time
would.



Chapter 4

Carleson Measures and BMO

4.1 Carleson Measure

The concept of Calreson measures came out in solving the follwing problem
which was solved by Carleson.

Problem. Characterize those positive measures p on RT’I = {(z,y) €
R™ x R! : y > 0} for which the following holds;

// \Pyf () Pdp(e. 1) < C / f@)Pde Vf e IX®RY),  (41)
R R"

where P, f is the Poisson extention of f in ]R’}FH

A necessary condition can be easily found: Let ) be a cube in R™ and
f=x20- Ifx € Qand t <1 =1(Q), then since B(xz,l) C 2Q) we have

Puf(z) = e / [ Ly

n+1
2

i<t [[yl* + ¢2]
1

n+1

P — Y]
i</t [ly|? +1] 2
Since t < [, it follows that P, f(x) > C for some constant C. Therefore, if
(4.1) holds, then

=C

p@x0.0)<C [ PP,
Qx[0,1]
C ’d
<c [ Ifpis
<ClQl-

21
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For each cube Q C R"™, define the tent over Q) by

T(Q) == Q x [0,1(Q)] Cc R,

We have seen that if (4.1) holds, then u(7T(Q)) < C|Q] .

Definition 4.1 A positive measure p on RIH is called a Carleson measure
if there is a constant C' > 0 such that

w(T(Q)) < ClQ| for every cube Q@ C R".

If p is a Carleson measure, the Carleson norm is defined to be

— o MT(Q))
e == QpilQ‘

For example, du(x,t) = ¢(t)dzdt is a Carleson measure if and only if
¢ € LY(R,). In particular, %da:dt is not a Carleson measure

We will prove that being a Carleson measure is also sufficient for p to
satisfy (4.1).

Lemma 4.2 (Whitney decomposition Lemma) Let Q be an open set
in R™ such that Q¢ # 0. Then Q = U32,Q; where

(1) F ={Q;} is mutually non-overlapping dyadic cubes,

(2) There are constants Cy and Cs so that

C1l(Qj) < dist(Q;,Q°) < Col(Q) for all j.

Proof.  For each integer j, let Q; = {z € Q: 2\/n 279 < dist(z,Q°) <
4y/n 277}, D; be the collection of all dyadic cubes with side length 277,
Fi={Q; : QNQ; # 0}, and F' = U;F;. Then Uger = Q. If Q € F', then
there is x € Q@ N Q; where Q € Dj, and hence dist(z, Q) > 2/n277. It thus
follows that

dist(Q, Q°) > dist(z, Q) — vn [(Q)
> 2277 — /nl(Q) > v/nl(Q).
And
dist(Q, Q°) < dist(z, Q%) + vnl(Q) < 5v/nl(Q).

Since F’ consist of dyadic cubes, any two of members of F’ are either
mutually non-overlapping or one contains the other. So, for each Q € F’
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there exists Q€ F " which is maximal with respect to the inclusion relation.
In fact, if Q,Q € F' and Q C Q, then

1) < Clldist(c?m
Cs

1 .
< aohst(Q,Q ) < al(Q)-

Let F be the collection of all maximal elements of 7. This F does the job. [

For functions v defined on R’}fl, define the non-tangential maximal func-
tion by
Nu(@) = swp |u(y,t) (z€R?)
(y,t)el(z)
where T'(z) is the cone defined by I'(z) = {(y,t) : t > |y — x|}.
Let us prove a useful lemma.

Lemma 4.3

N(Pf)(z) <CMf(x), zeR"™ (4.2)
Proof. Put
t
Pif(0) =en [ e T2}z
me fly — 22 + 275
/Iz—y|<t jz::l 297 1t<|z—y|<27¢
= cn(lo+ > 1)),
j=1
If (y,t) € T'(x) and |z — y| < t, then |z — z| < 2¢, and hence
1
<5 [l < OMiG)
B Jpz—yl<2e

If (y,t) € T(x) and 2971t < |z — y| < 27t, then |z — 2| < 277!, and hence

1 1 C
il < 20—1 (27-1)n /z—y§21+1t (=)= < QJ_IMf(x%

for each j. This completes the proof. O

Theorem 4.4 If p is a Carleson measure and u s continuous in ]R?L'H.
Then
p({(x,t) : Ju(z, t)] > A\}) < Cl{x: Nu(z) > A} (4.3)
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Proof.  For A > 0, let G := {z : |[Nu(z)] > A}. Since u is continuous,
G is open. We may assume G # R" since otherwise there is nothing to
prove. Let {Q;} be the cubes in the Whitney decomposition lemma for G.
Suppose |u(z,t)] > X\. Then z € G and hence z € @); for some j. Thus
there exists y; € G such that

C1l(Qj) < dist(y;, Qy) < Cal(Qj)

and hence
C1l(Qj) < ly; — x| < C31(Qy).
Since y; ¢ G, (z,t) ¢ I'(y;). Thus

t < |1’ — yj| < Cgl(Q])

Therefore, (z,t) € Q;x[0,C3l(Q;)]. Since p is a Carleson measure, it follows
that

p{( ) : Ju(, 1)) > A} <l J Q5 x [0, C5(Q5))
< Z]u@j x [0, C5L(Q;))
< ch Qj1 = CIG.
This completes the proof. ] O

Finally, we are ready to prove

Theorem 4.5 p is a Calreson measure if and only if (4.1) holds.
Proof.  Recall that
[ P =p [ (o € X ut@)] > Aar
X 0

for any positive measure on a measurable space X if 1 < p < oco. So it
follows from (4.2) and (4.3) that

// P (@)Pdu(e,t) = p / TN ({2 ) < [P ()] > A)dA
R 0
< Cp /0 C NP () > AHdA

<Cp [ NS > Aan
0
= CIMIE < CpIfIE.

This completes the proof. O
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4.2 Bounded Mean Oscillation

Definition 4.6 A function f € L} _(R™) is called a function of bounded
mean oscillation (BMO) if

£« = Sup][ |f(x) — foldx < oo.
Q JQ

If this is the case, || f||« is called the BMO-norm of f.

Remark Let us observe a few facts on BMO functions.

1. It is easy to see that f is constant if and only if || f||« = 0. If we define
an equivalence relation ~ by

f~g<= f—g=constant a.e,
then BM O/~ is a Banach space.

2. If a € C, then

fQ|f—fQ|s]{2|f—a|+]{zra—fQ|szyg|f—a|.

Thus we have

s Sal<intf 17 —ol< o 15 el

/ .
=s f —
191 = sup i f 17

defines an equivalent norm for BMO.

Therefore

3. L% ¢ BMO. In fact, || f]l« < 2|l f]loo.

4. log|z| € BMO(R™). We give a proof for the case n = 1. Let Q = [a, ]
and assume that —b < a < b,b > 0. (The other case can be treated in
similar ways.)

1 L
LQI/QU_f(b)d“’:b_a/a |log |z| — log b|dz

1 b
= /a log |:Eb‘dx

b—a
b 1
= —— 1 dy.
b_a/g og |y|dy
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If ¢ > 1 then log|y| is bounded and hence

b 1
1<C /dach’.
b—a %

7 < % , then b% < 2 and hence

a —

1
I< 2/ log |y|dz < C.
-1

5. signz - log|z| ¢ BMO(R!). In general, |f| € BMO does not imply
f € BMO. Being a BMO function is not simply a size condition.

Theorem 4.7 (John-Nirenberg inequality) There are constants Cy,Co >
0 such that for all f € BMO, cube @ ;A > 0,

o €Q: (@)~ fol > M < CilQlexp(—2-N).  (4)

Proof. Fix a cube Q. By considering g = C(f — fg)xq if necessary, we may
assume fo = 0 and || f||, = 1. Here“dyadic” means dyadic with respect to
Q. Apply CZ-decomposition with o = 2 to obtain mutually non-overlapping
dyadic cubes {Q]l} such that

(1) |f(x)] <2 ae. on E := Q\UQ;,
J

(2) 2 <][1 |f] < 2" for all j,

Ve LA o< Mol = L
<3>;er|32/Q\f|—2/Q|f fal < S1fll1Q1 = L@l

To each (f—fg1)x gt apply CZ-decomposition with a = 2 to obtain mutually
J J
non-overlapping dyadic cubes {QJQ} such that

(1) If = fgr,l <2 ae. on Ey = UenJer
j k
(27) 2 <][ |f = foul < 2"+ for all j, k such that Qi C le»,
Q3 !

@) Y@= ¥ @i, | 15
k J J

J QicQl

1 1 1
J
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Note that for almost all x € FEs,
@) < 1f@) — foul + gl < @ +1) 2.

Repeat this process to obtain Ej and {Q";} (k =1,2,--+) so that for
almost all x € Fy,

7@ < 17() — fqeos] + |fqes — Forosl -+ + gy
<24 f=fopa| 4+ fo
][Q?_lr gl o g

<24 (k—-1)2" =1+ (k-1)2")-2.

We also have
k k
i\ El=|N@\E)| <|J}
=1 =1 J
<Y QY <2MQl vk
J

Let A > 0 be a number. If A < 4, there is nothing to prove. Suppose A > 4
and choose k so that

2(k—1)2" +1) < A < (k-2" +1).

Then
{z € Q:|f(x)| >N} < {z € Q:[f(2)] >2((k —1)2" + 1)}|
<@\ LkJ By
< 2"“(@? <e Q).
This completes the proof. 0

The following is the original version of John-Nirenberg inequality.

Corollary 4.8 There exist constants C,a > 0 such that for all cube QQ and
fe€eBMO,

fes (i@ - sal) s < c. (45)

Proof. Fix @ and for A > 0 let
Eyx:={zeQ:|f(z)— fo| >}

= {re@ren () e () )
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Let n = exp( ”"‘ﬁ‘* ). Then it follows from (4.4) that

][eXp(Hf”*!f( z) — fol)d |Q\/ | Ex|dn

Co )\ al o
C d\
“lal / 1'Q'6Xp( 171 > <|f\|*> 171

<C

if @ < Cy. This completes the proof. O

Corollary 4.9 For 1 <p < oo, let

1l = sup (]{2 - f@rp)”

Then || fllp = || ]l

Proof. It follows from Jensen’s inequality that

1f 1l <

If || f||+=1, then
f |f — fol? < C(p, ) ][ eclf=folgy < Cp.
Q Q

Hence || f||p« < Cp, and the proof is complete. O

4.3 BMO and Carleson Measures
Let ¢ € C*°(R™) be such that

()| + [Vip(a)| < O(L+ [a) ™
Y(x)dz = 0.
R™
For t > 0, define
Yi(z) =ttt ),
and
Qe f () = (f * o) ().

We are going to prove



4.3. BMO AND CARLESON MEASURES 29

Theorem 4.10 If f e BMO, then

dp(z,t) = Wd:z:dt

is a Carleson measure and the Carleson norm

Cu < OIS

Notice that since 2% is not a Carleson measure, the estimate |Q; f(z)| <

C||f|l« is not enough to prove Theorem 4.10.
For example, let
#(z) = Pi(a) ;
x):= Pi(z) = cp———7,
U )

the Poisson kernel. Then P, (x) = ¢¢(z) and hence the Poisson extension is
given by
Pof(x) = (f * @) ().
Let
V(@) = Vo(z) = (W' (x),..., 9" ().
Then each 97 satisfies the condition (4.6). Let
Qf@) =(F*e])@),  j=1.n

It follows from Theorem 4.10 that if f € BMO, then |Q{f(x)|2@ is a
Carleson measure. Note that

Vedi(z) =t~y (),

and hence
VeP @) = [Veor s F@) = 5 3 1Q1F (@)
j=1

So we have the following Theorem from Theorem 4.10.

Theorem 4.11 If f €BMO, then t|V, P, f(z)|>dzdt is a Carleson measure
and its Carleson norm is less than C||f]|2.

In order to prove Theorem 4.10, we need the following Lemmas

Lemma 4.12 If¢ € C>(R") satisfies (4.6), then there exists a constant C
depending only on the constants in (4.6) such that

; gl
C .
9Ol < 0P

(4.7)
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Proof. 1If || < 1, then

W(©) =] v(z)e ™ dy

[ @) 1

< c/ )| min(z]¢], 1)da

][
|x|<é |z|>8

=11 + Is.

Here § > 0 is to be chosen later. We have

L < /m ()| ]| |

|z]
—dx
z|<s (14 [z])nH1
< gl

< gl

On the other hand, we get

I < / [ (x)|de < C lz| " de < €6
|z|>6 |z|>6

Choose § = \§|_%+2 to obtain (4.7) for || < 1.

If |¢] > 1, assume without loss of generality that |£1] > Write

f!é“\

x = (x1,2") = (x1,22,...,2,). Then

b = | wlw)e s

R

— / [/OO w(a:)e_%ml'&d:cl] e~ 2mia € gt
z'eRn—1 —00

Integration by parts yields

o) . &) _1 a
—2mix1 €1 _ *27”11 &1
/oo ¢(.’L‘)€ dxl / 27['251 83?1 1/}< )dxl

_ > 1 9 —2miz1-&1
= /Oo it a—xl@b(z)e dxy.

Thus we get

A C C
[P < / Ve (z)|de < .
&1 Jrn €|
This completes the proof. 0
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Corollary 4.13 There is C > 0 independent of € such that

| wgrs <c
0

Proof. Let s = t|¢|]. Then

R dt e ds
w%Q:/ ’
| RS = [P
L s ds * 1
< =g = .
_C</08+25+/1 Sde)_C
This completes the proof. O

Lemma 4.14 If ¢ satisfies (4.6), then there is C' depending only on the
constants in (4.6) such that

| [erep®t<c [ iwka vre e,

Proof.  Since {4(€) = P(t€), Quf (€) = P(t€) f(€). Thus

| [ @ur@rst - // D) PIFE) P

|f (@) de.
R

This completes the proof. O

Lemma 4.15 There is C > 0 such that for f € BMO and cube QQ with the

center at 0,
|f(y) — foql 1
Ay < O |[ f]]«
Jue T @l

Proof.  On 2M1Q\2FQ, |y| ~ 2¥ 1(Q). Therefore

|f(y) f2Q| / f2Q|
1Y) = J2ql ) = Jaol 4,
/(2Q)c |y|n Z 2k+1Q\2kQ \3/’"“

1

<C W/gk+l@‘f<y)_f2@|dy

k=1
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The triangular inequality yields

Lo 156) = Reoldy
2k+1Q
k
< [, F0) ~ favgl + > L e = fual

k
<1125 Q1 + 1287 Q1 Y [ farrig — Fasgl.

However,

g~ fal < f, 1) = gl < CIIF I

and hence

/WQ FW) = faqldy < CI2ZT QU111+ k).

It thus follow that

10~ fal, L o514k, ]
Lo Z g7l < g1l

This completes the proof. ]

Proof of Theorem 4.10. Let @ be a cube and assume @ = @Q,.(0) without
loss of generality. Let f € BMO. Since fﬂ,\m Yi(x)dx = 0,

Q1 f () = Qi(f — fag)(2).

Let f1 = (f — fag)x2q and fa = (f — f2q)x(2@)c- Then Qif = Qif1 + Q1 fo.
Thus

dn = Q@Y < 2(|Qup ()P Y

= 2(dp1 + dpus).

2 dacdt

IR0

t

By Lemma 4.14, we have
o0 dxd
m@x) < [7 [ jen@PSE
<c / (@) Pde

—c/ ~ faglda
< CllfIElQl.
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For dug, we first observe that

Qb =| [ e )T ~ ha)dy

1
<C " | (y) — feqldy
Q) (1+—'3“””““)”+ )= fl

<t /( = ,,mrf() faqldy.

Ifze@Qand 0 <t <7r=1[Q), and y € (2Q)°, then |z — y| =

Therefore,

£(6) — faal

’y|n+1

Qh@isor|

It then follows from Lemma 4.15 that

(@ x [0, 7]) //\Qtfg e

1 d:z:dt
sc/o/t? [

= C|IfIRIQ.

This completes the proof.

33
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