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ABSTRACT. In this paper, we propose an original and promising optimization
approach for reconstructing interface changes of a conductivity inclusion from
measurements of eigenvalues and eigenfunctions associated with the transmis-
sion problem for the Laplacian. Based on a rigorous asymptotic analysis, we
derive an asymptotic formula for the perturbations in the modal measurements
that are due to small changes in the interface of the inclusion. Using fine gradi-
ent estimates, we carefully estimate the error term in this asymptotic formula.
We then provide a key dual identity which naturally yields to the formulation
of the proposed optimization problem. The viability of our reconstruction ap-
proach is documented by a variety of numerical results. The resolution limit
of our algorithm is also highlighted.

1. INTRODUCTION

Let € be a smooth domain and D be an inclusion contained in {2 whose bound-
ary is also assumed to be smooth. Shape deformation of D causes a perturbation
of modal parameters. The aim of this paper is to show how this information can be
used to reconstruct the unknown deformation. For doing so, we rigorously derive
an asymptotic formula for the perturbations in the eigenvalues of the transmission
problem for the Laplacian that are due to small deformations of the interface of an
inclusion. Based on this formula, we design an efficient reconstruction algorithm
from modal measurements. Our algorithm consists on minimizing a functional
whose minimizer yields certain geometric properties of the unknown inclusion. It
naturally follows from a key identity that is in some sense dual to the asymp-
totic formula. Numerical experiments showing the viability of our algorithm are
presented.

Our asymptotic formula for the perturbations in the eigenvalues due to changes
of the shape of the inclusion D that is inside a background domain 2 is in connection
with the more classical ones established under variation of the background domain
Q. There have been several interesting works on the eigenvalue perturbation prob-
lem under variation of the domain since the seminal formula of Hadamard [13]. See
for example the works by Garabedian and Schiffer [11], Kato [14], Sanchez Hubert
and Sanchez Palencia [21], and Kozlov [15]. Convergence results for the eigenval-
ues and eigenvectors under boundary variations have been also proved by abstract
methods as for example those from [9, 22, 23].
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Our results in this paper extend those established in the context of small volume
inclusions as well as those for the conductivity interface problem. In fact, on one
hand, in a series of recent papers [8, 6, 4, 5] we have derived high-order asymptotic
expansions of the eigenvalue perturbations due to the presence of small inclusions
and used them for locating the inclusions and identifying some of their geometric
features. On the other hand, in [7], we have derived high-order terms in the asymp-
totic expansions of the boundary perturbations of steady-state voltage potentials
resulting from small perturbations of the shape of a conductivity inclusion. Based
on these derivations, we have designed an effective algorithm to determine some
geometric features of the shape perturbation of the inclusion based on boundary
measurements.

In this paper, the asymptotic formula for the perturbations in the modal mea-
surements that are due to small changes in the interface of an inclusion is original.
Fine gradient estimates are used for its derivation. Indeed, careful estimates of the
error term in this formula are provided and a systematic way for deriving the dual
identity that yields to the optimization problem is presented. The case of multiple
eigenvalues is rigorously handled as well.

The paper is organized as follows. In the next section we derive an asymptotic
formula for the eigenvalue perturbations due to shape deformation. We provide
in section 3 a functional whose minimizer yields the interface of the inclusion. For
doing so, we provide a key dual identity which naturally yields to the formulation of
the proposed optimization problem. In section 4, we consider the case of a multiple
eigenvalue. In section 5, we perform numerical experiments to test the viability
of the algorithm. Many applications of our results in this paper are expected,
especially in structural vibration testing [20].

2. AsympTOTIC FORMULA

Throughout this paper, let C*® denote the Holder space which consists of func-
tions having derivatives up to order k and such that the kth derivative is Holder con-
tinuous with exponent «, where 0 < o < 1. Let Q C R? be a bounded domain with
C%! boundary and let D be an open subset of { such that dist(9$, dD) > dy > 0.
The boundary D of D is also assumed to be C*>'. Suppose that the conductivity
(or the dielectric constant) of the background is -, while that of the inclusion D is
v;. So the conductivity profile denoted by vp is given by

(1) YD = YeXO\D t ViXD,

where xp is the characteristic function of D. Let (ug,w3) be a solution of the
following eigenvalue problem:

V- (ypVug) = —wgug in €,

(2) ’YDW =0 on 39,

(3) u§ =uolovp and  uf = uo|p-
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Then along the interface 0D, the following transmission conditions hold:

uh = ug
(4) oul oug  on oD,
Vi = e
ov ov

where a% denotes the normal derivative with respect to the outward unit normal

to 0D. The first condition in (4) represents the continuity of the potential while
the second one does that of the flux. We emphasize that since uj) and uf are C1*
for some 0 < v < 1, as will be proven in the next section, these conditions hold in
the pointwise sense. From the first condition, we also have
©) So_ S0 o)

T T T
where a% denotes the tangential derivative along 0D.

In this section as well as in the next one, we will assume that w? is a simple
eigenvalue. This will make our arguments more readable. In section 4 we will state
our result in the case of multiple eigenvalues.

Now let us consider D, an e-perturbation of the domain D with

oD, = {5@ :Z=x+eh(x)v(x),x € 8D},

where v(z) is the unit outer normal vector to dD at x, h € C(9D) with ||h|ci1 <
H for some positive constant H, and ¢ is a positive small parameter.
Let vp. = YeXa\p. + ViXp. and consider the following eigenvalue problem on
the perturbed domain:
V- (yp.Vue) = —w?u. in

Oue
(6) ’)/DEE =0 on 69,

/ug—l.
Q

Our main result in this section is the following theorem.

Theorem 2.1. Let w? be a simple eigenvalue of (2). Then, ase — 0, the eigenvalue
w? of (6) has the following asymptotic expansion:

G
== —eli=) [ nte) ((%“ @) +2 (85‘@))) o+ O()

for some 3 > 0, where (ug,wd) is the solution to (2).

It is worth noticing that if h has a constant sign on 9D than there exists eg > 0
such that for € < g9, w? — w? has the same sign as (Y. — 7;)h-

We will prove Theorem 2.1 using Osborn’s result in [18] concerning estimates
for the eigenvalues of a sequence of self-adjoint compact operators. More precisely,
let X be a real Hilbert space and let T : X — X and 7. : X — X be compact,
self-adjoint linear operators such that {7, }.~¢ are collectively compact and T, — T
pointwise as ¢ — 0. Let ug be a nonzero eigenvalue of T' with multiplicity m. Then,
for & small, T. has a set of m eigenvalues (counted according to their multiplicity)
such that pl — po for each j = 1,...,m, as e — 0. Let fic = =Y " pl. If
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{uo,1,u0,2,-..,U0m} is an orthonormal basis for Ker(T — pol), then there exists a
constant C' (independent of ¢) such that

1 m
® o i > < (= Ty >| < €= 12

j=1

)

IKeI‘(TﬂLOI) XX

where the right hand side of (8) denotes the operator norm of T'— T on the subspace
Ker(T — pol) C X. Moreover, for each j =1,...,m, there is an eigenfunction u. ;

corresponding to uZ, such that |u. ;||x = 1, and

) wm—wﬂu<cWT—ﬂ>

|Ker(T7uDI) XX ’

If po is a simple eigenvalue, for € small, there is a simple eigenvalue p. for 7.
such that

(10) o — e < (T = Toyuo,uo > | < € (@~ T2 wo) .

Furthermore, let u. be the eigenfunction corresponding to p. and such that ||uc||x =
1, then

l[ue — uollx < CI(T = Te)(uo) | x-
Let us consider X = {f € L*(Q) : [, f = 0} with the usual inner product of

L?(2) and T : X — X the linear operator given by T'f = vy where vy is the solution
to

V-(ypVu) = f in Q

(9’[)0
(11) ’YDE =0 on 8Q,

/UQZO.
Q

We define T : X — X similarly, i.e., by T. f = v, where v, is the solution to

V- (’Yngve) =f in

ove
(12) ’YDEE =0 on GQ,

/vgzo.
Q

Then T and T, are compact self-adjoint operators. We now prove that {1 }c>0, (Tp =
T) are collectively compact and that T. — T pointwise as € — 0.

(1) {T:}e>0 are collectively compact, i.e. {T.f : ||f|lx < 1, > 0} is sequen-
tially compact: If v € {T.f : || f|lx < 1, > 0}, then from energy estimates
and the Poincaré inequality we have that ||v|| g1 (o) < C where C is indepen-
dent of €. Since H'(Q) is compactly embedded in L?(2), this guarantees
that {T.f : || fllx < 1,e > 0} is sequentially compact in L?((2).

(ii) T — T pointwise as ¢ — 0 in X: For f € X, let v. = T.f and vo = T'f.
Then, for any w € H(Q),

/’VDEVUE-VwZ—/fw
Q Q
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/VDVUO'VwZ—/fw.
Q Q

Hence, choosing w = v, — vy and subtracting these two equations we get

/ (vp.Vve —pVg) - V(ve —v9) =0,
Q

and

which gives

[ 0.9 = w0) - 90 = ) == [ (5. = 30) Voo - V(wx o).
Q Q
Hence
IV (ve — U0)||2L2(Q) < CIVuoll2(p. apy IV (ve = vo)ll 22 ()
where A denotes the symmetric difference, which implies
IV (ve —vo)llz2 () < ClIVvollz2(p.aD)-
It then follows by the Poincaré inequality that
(13) [ve = voll 1) < ClIVvollLz(p. ap)-
Finally, using the last inequality and the fact that |[D.-AD| — 0 as e — 0
and that Vug € L%(Q) we obtain that T. — T pointwise as e — 0 in L?(2).

We can now apply Osborn’s result to conclude that, for small €, there is an
eigenvalue u. of T, such that p. — po and

(14) 1o = o= < (T = Thuo, wo > | < CI(T = Thuoll e,

where ug is such that Tuy = poug and fQ u% = 1. (Note that the compatibility
condition [, up = 0 is also satisfied). Moreover

(15) lue — uollz2(0) < Cl(Te — T)uoll 20y,

where . is the eigenfunction corresponding to j. such that [, u? = 1. The eigen-
functions ugy and u. solve respectively the problems
g

V- (vypVug) = n Q,
Ho
ou
(16) 71387”0 =0 on 09,
/u% =1,
Q
and
Ue .
V- (yp.Vue) = ™ in Q,
(17) 'yps% =0 on 09,

/u?zl.
Q

Let us now consider some regularity facts on the functions u. and ug. From [17],
it follows that, for some a € (0,1), ug € C+*(D)NCH*(Q\D) and

(18) luollcr.a(py < Clluollzz(o) + lluoll L= ()
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where C = C'(Ve, Vi, 2, D, 1o, @) and analogously, since dist(92, D) > dy > 0 then
(19) [uollero (0, ,\D) < CllluollLz(e) + lluollLe=(e)),

where C' = C(7e,7:,Q, D, po, do, @) and Qg0 = {x € Q : dist(z,0Q) > do/2}.
Note that the right-hand sides in (18) and (19) are bounded by C/|lu||z~ ). Re-
calling that wug is solution of a homogeneous Neumann problem we have, by global
estimates for weak solutions of elliptic equations in divergence form with bounded
coefficients (De Giorgi-Nash method, cf. [12, Theorem 8.24]), that

(20) luollL= () < Clluollz2(0)-
It then follows from (18) and (19) that
[uoller.a(py < Clluollz2(y),
where C' = C'(Ye, Vi, 2, D, po) and
l[uollcra (e, 2\0) < Clluollz2(),

where C' = C(ve,7i, Q, D, pio, do). Since [Jugl|2(qy = 1, we have that

(21) [uollera(py < C,
and
(22) [uollera (@, \p) < C.

Similarly we get for u.

(23) [uellera(p.) < C,
where C' = C(Ye, Vi, Q, D, o, H, o) and

(24) [ueller.e @y, ,2\D0) < C,

where here C = C(7ve,7i,Q, D, 1o, do, H, ). Tt is worth emphasizing that the con-
stant C' in all the four above estimates is independent of e.

Let us now evaluate the right-hand side of inequality (15). We know that Tug =
pouo and Trug = v, where v, is the solution to

V- (WDEVﬁe) =wuy in £,

95
(25) YD, By =0 on aQ,

/{15:0.
Q

Since uy satisfies (16), we may use exactly the same argument as the one for deriving
(13) to show that

102 = pouoll (@) < CllVuollz2(p.aD)-
It then follows from (21) and (22) that

15 — pouoll (@) < C|D-ADJY2.
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Observe that v, — poug is a solution to
V- (vp.V(0e — pouo)) = oV - ((vp —vp.)Vug) in Q,

a(@s - MOUO)
YD, v

| o2 o) = 0.

Applying Lemma A.1 in [2] for V = {v € H'(Q) : [,v = 0},¢ = 0. — pouo and
F = puo(yp — vp.)Vuo we then get

|9 — pouol|L2() < C|D.AD[Y?H0,

=0 on 09,

for some 1 > 0 where C' = C(Ye, Vi, tto, €2, H,n) but is otherwise independent of ¢.
Hence we have

(26) (T — T)uo||p2(qy < Ce/2Hn
and from (15)
(27) |lue —uollL2(0) < Cel/?n,

Furthermore, observing that ||9c || z1(q) < [|uollz2(q) and using the gradient esti-
mates of [17], we obtain that

(28) [ocllera(p.) < C,
and analogously
(20) ellcra(@ay 0y < C,

where C' = C'(Ye, Vi, 2, D, po, do, H, @v).
As in (3), let us put

o == U|o\p. and O := Ue| 5. -
The following lemma holds.

Lemma 2.2. Let o > 0 be the same Holder exponent as in (29). There exists a
constant C' independent of € such that

(30) IV (92 = poug) || L= (op.\n) + IV (@2 = toug) || Lo o0 py < Ce®72,
where C = C(Ye, Vi, Q, D, o, do, H, a).

Proof. Let 2¢ < d < dy/2 and let Qf = {z € Q\(DU D,) : dist(z, 0(Q\D U D.)) >
d}. Since V(9. — poup) is harmonic in Q\D U D, we may apply the mean value
theorem to points y € QF:

1

V('Ua - MOUO)(y) - m Bay2(y)

V (Ve — poup)dz

to get
IV (3¢ — poug) |l L g) < Cd™ V(0 — pouo) |2
(31) < Cdtel/?,

Now, let y € 9D, \D and let y4 denote the closest point to y in the set 25. By (29)
we obtain
Vg (y) — Vo< (ya)| < Cd™.
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Combining (31) and (32) gives

V(0 — poug)(y)] < IVIE(y) — VO (ya)| + VT (ya) — V(koug) (Ya)l
+IVuoug(ya) — Vpoug(y)]
< C(d™ 4 d~1e/?).

Here we also used the gradient estimates for ug. By choosing d = £ we get
IV (3¢ — pou§)| L= (@p.\p) < CeT72.
In a similar way one can prove that
IV (3L — poud)|| = (op.np) < Ce?ar2
to complete the proof of the lemma. O
We are now ready to compute the term < (T — T )ug, up > in (14). We proceed
with

< (T - Te)u07U0 > < oUg — Ve, Ug >

2 ~
:ﬂo/uo*/uovs
Q Q

—Ho / (vp. —vp)Ve - Vg
Q

o [ =)V Vg [ (- )V Vg,
DA\D D\D.
Let z; := x+th(z)v(z) for x € 0D and ¢ € [0,¢]. Then the Jacobian determinant

of the change of variables (x,t) € 9D x [0,¢] — x; € D.AD is |h(x)| + O(e) for e
small enough, and hence we get

—Mo/ (v — 7e) VoL - Vufda
DA\D

(32) c
= —Mo/ / h(2) (i — 7o)V () - V() dog dt + O(g?),
0o Jabn{r>0}
and
Ho / (Vi — 7e) VS - Vuf da
(33) .

D\D
= f,uo/ / h(z)(yi — Ye)VOE () - Vué(:vt) do, dt + 0(52).
o Jopn{n<o}

Using the gradient estimates (21), (22), (28), and (29), we have for ¢ € [0, €]

VL (o) - Vug(ee) = Vii(ze) - Vug(ze) + O()

0K ou§ ot ou§ o
- 67' xf) 87’ (xE) + 61/ (‘rE) 61/ (érg) + O(E )
ovg ou§ Ye OU¢ ou§

=5 (ms)ﬁ(xe) + oy (zc) 5 (zo) + O(%).
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Here we used the transmission conditions (4) and (5). We then use (22) and (30)
to have
oug

~1 e aue 0
V'Us(l‘t) : Vuo(xt) = NOE(*TE)TTO(I'E) + NO?i(xs)

~Oug, | Oug e
= Hoo- (z) 7 (I)+M0f7($)5(1’)+0(5 ).

It then follows from (32) that

o / (7 — %) Vi - Vusda
DD

(34) uEN® e [ OuEN?
—_ 2 0 e 0 1+8
——,uzs%—%/ h ( )—i—( ) do + O(e ,
o ) aDN{h>0} [ or vi \ Ov ( )
where 3 = ﬁ
Analogously, we get from (33) that
o / (Vi = 7e)VE - Vujda
D\D.
o =t [ (22 (28)) o s o
) 0 aDN{h<0} or Ye \ OV
oug\? Ye { Ou§ 2
_ .2 0 e 0 145
ffuefyif’ye/ h ( > +< ) do+O(e ,
o ) aDN{h<0} l or ¥i \ Ov €

where the last equality follows from the transmission conditions (4) and (5).
It now follows from (34) and (35) that for € small enough,

< (T — T:)ug, ug >

__2(._ )/h au(e)z—’—k au(e)2
= —HoE\Yi — Ve . or 5 \ow

In view of (10) and (26), we finally obtain

o = —pi2e(ri — )/ b oug 2+% ue\ >
He — Ho = —Hoe\Yi — Ve . ar 7%’ o
2

for some 3 > 0. Since ju, j1c are negative we can set py ' = —w? and pZ' = —w?2.
With this substitution and simple manipulations we get (7) and Theorem 2.1 is
proved.

do + O(e'7).

do + O(e'1P)

3. RECONSTRUCTION METHOD

In order to reconstruct the perturbation ¢k from modal measurements, a first
idea is to minimize the difference between the measured and the computed eigen-
values by using a least-square approach. This yields a laborious reconstruction
algorithm which may not converge if we start away from the solution. Another
idea, which sounds more attractive is to take advantage of the smallness of £ and
minimize over eh the quantity

G+ i) [ enia) [(‘9; @) + 2 (% <x>ﬂ o




10 H. AMMARI ET AL.

A problem with this approach is that oscillations in h can not be determined effec-
tively. This comes from the fact that the application

(36) ha) — [ i) [(85;0 (:g))2 + % (%‘f(x)ﬂ do,

acts like a filter.

In this section, we rigorously establish a reconstruction formula for the function
h which allows to determine h with better resolution by less filtering of oscilla-
tions. Based on this dual formula, we then formulate the reconstruction of h as an
optimization problem.

3.1. Dual Asymptotic Formula. Let uy be the eigenfunction of (2). For g €
L?(09) satisfying faQ guo = 0, let w, be the solution to

V- (ypVwy) = —wdw, in Q,

Owyg
(37) WDW =g on 09,

/wguo = 1.
Q

Multiplying the first equation in (37) by u. and integrating over €, we get from the
divergence theorem

/ gug—&—wg/wgusz/'yDVug-ng.
o0 Q Q

Since [, guo = 0 and

2
wg/wgugz/’yDEVug-ng,
Q Q

we obtain
/ g(ue —ug) + (Wi — wf)/ Wole = — / (vp. —vp)Vu. - Vwgdz.
a0 Q Q

By Theorem 2.1 we have that for € small enough, w2 — w? = O(e). Furthermore,
since u. — ug in L?(Q) as ¢ — 0, we derive

(38) / g(ug—uo)—i—(wg—w?)/ Wyl = —/(’yDE—’yD)VuE-ngdac—i-O(ng),
Ble) Q Q

for some G > 0.

We now prove the following theorem in the same way as in the previous section.
The asymptotic formula in the theorem can be regarded as a dual formula to that
of w? — w?. Tt plays a key role in our reconstruction procedure.

Theorem 3.1. The following asymptotic formula holds as e — 0:

/ g(ue —uo) + (wg - W?)/ Wqto
o0 Q

_ dug 8w; Ye Oug 8w; 1+8
=e(¥i — ) /E)D h(z) ( or (@W(z) + %E(x)ﬁ(:p) do, +0(e ")

for some 3 > 0.
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Proof. In view of (38), it suffices to show that
69 [ (.~ 0)Vue -V,
Q
ou§ | Owg Ve Ouf | Owg
= — (v — e h 0 e 0 g9 d .
=0z [ o) (G2 G+ 2080 ) ) do
+0(e1*F).

To prove the lemma we use the gradient estimates for u. (see (23) and (24)).
We can show that the same kind of estimates hold for w,:

(40) lwgllcrapy < C;
and
(41) ng”Cl"“(Qdo/z\D) <C.

These estimates follow immediately from [17] since on one hand, the operator V -
vpV + wi in Q with Neumann boundary conditions on 9 is well-posed on the
subspace of H'(Q) orthogonal to ug and on the other hand, ug itself satisfies such
estimates. .
Proceeding similarly as we did for estimating | p\p VU Vugdz in the previous
section, we have
[on =)0V, = [ i=a0vi - Vug - [ (= a0vus - v,
Q De\D D\DE
Changing variables and using the gradient estimates for u. and w, we obtain
/ ('yi—%)Vué-Vw;dx —/ i—Ye) V' (z2)-Vws o(Te) do, dt+0(e 146y,
D\D 8Dm{h>0}
and analogously
/ (vi—ve) Vug-Vw! dm—// () (Vi—ve) VUl (z.)-Vw! o(Te) doy dt4+0(e11P).
D\D. aDn{h<0}
Using the transmission conditions, we get

@2 [ (=)t Vugds
DD

_ dug dwg Ye Oug dwg
< [ @60 (G0 G + 2 w0 ) ) o,

DN{h>0} Vi Ov
+0(e'*P)
and
(43) / (i — ve)Vug - Vw;dx =
D\D.

B oul dw;, i Oul Oy,
= *6/6 h(x)(vi — e) (87 () or (ze) + — (ze) O (1’5)> doy

DN{h<0} Ye OV
+0(M5).
In order to replace u. with ug in (42) and (43), we shall show that

(44) IV (wg = u§) || L (0. D) + IV (e = ud) | oo (9p. D) < CeZ72
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for some constant C independent of ¢, following the same arguments as those in
the proof of Lemma 2.2.

For doing so, let 2¢ < d < dp/2 and let Q5 = {z € Q\(DU D) : dist(z,0(Q\D U
D.) > d}. Since 0. = V(u, — ug) is solution of the following equation in Q\D U D,

A — pele = (ME - UO)VUJ07
we may apply Theorem 8.17 of [12] to obtain
IV (ug = ug)llLe=(ag) < C(IV(ue = uo)llL2(0) + [1e = poll|Vuo|l L2(e))-
Using the energy estimates and the fact that |p. — po| < Ce we get

e e C
[V (ug —uf)l|Le=(ng) < E\/g

Now, let y € 0D, \D and let yq denote the closest point to y in the set 5. From
(23) and (24) it follows that

(45) IVug(y) — Vug(ya)| < Cd°,
which yields
V(g —ug) ()| < [Vue(y) — Vug(ya)l + [Vug(ya) — Vug(ya)l
+Vug(ya) — Vug(y)|
< O(d™ 4+ d~1e/?) .
Here we also used the gradient estimates for ug. By choosing d = £ we get
IV (g = u)|| L= op.\p) < Ce®=72
In a similar way one can prove that
IV (uf — ué)HLm(aDaﬂE) < Cemiz

Finally, inserting this into (42) and (43) and using the gradient estimates for ug
we get

/ (i — Ye) Vil - Vwgdz
DD

—e /@ h) (i — )

DN{h>0}

<8u8 - é)w; n Ye ou 811);

S0 G )+ 2080 T w) ) do, + O)

and

/ (% = 7e) Vg - Vo dr
D\D.

== @i

DN{h<0}

duly , | Ow), i Ouf O,
(37’ (m)?(:r) Ye OV z) ov

(m)) do, + O(e'7).

Applying the transmission conditions (4) and (5) once more, summing up the two
integrals and inserting the sum into (38) we obtain (39). This completes the proof.
O
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3.2. Optimization Problem. In view of Theorem 3.1, the reconstruction method
is rather apparent. With the measurements (w? — w?, (u. — ug)|an) and a finite
number of linearly independent functions g1, ..., gr, on 99 satisfying |, oq Jiuodo =

0, define the functional J(h) by
L
[ ot =)+ (@8 =) [ wuo
a0 Q

J(h) =
u owe e US 8w;l
= [ n@ti-0 (G20 52w + 2580 e @) ) do,

2

1=1
~i O
The method for reconstructing the shape deformation is to minimize J(h) over h. If
the small parameter ¢ is known, then by minimizing J(h) over h we can reconstruct
h. If € is unknown, we may consider the functional J as a function of h instead of
h to obtain the deformation eh.
It is worth emphasizing that the integral

Ouf ,  dwg Ve Ouf ,  dwg
[ e (GG + 2500w ) do.

filters less oscillations in A than the one in (36) because of the flexibility we have
in choosing wy and therefore, minimizing J(h) allows better reconstruction of h.
The best choice of g1, ..., gy is such that the functions
_ ug Q| . O O

= L 29 f =gi,...
Vg or Ot +'yl- ov Ov org=4g1,---» 9L

on 0D are highly oscillating. To formalize this, introduce the operator A defined for
g e V(0Q) = {g € L*(9Q) : [, guo = 0} by A(g) = wylaq, where wy is the solution
to (37). The best choice is then to take {g1,...,9r} as a basis of the image space
of A*A, where A* : L2(0D) — V(99) is the adjoint of A. Indeed, the only changes
that we can reconstruct are linear combinations of vy4|ap for g € Image(A*A). See
[3].

Nevertheless, since computing Image(A*A) is costly, we just take in our numerical

examples €2 and D to be disks and the functions g1, ..., g to be cosine and sine
functions. See (49). Note that if there is an index i for which the ith Fourier
coefficients of vy, |sp, | = 1,..., L are all zero then the ith Fourier coefficient of h

can not be reconstructed by our algorithm.

4. CASE OF A MULTIPLE EIGENVALUE

In this section we consider the case of a multiple eigenvalue. We first derive
an averaged approximation formula for a multiple eigenvalue. This is based on
a standard argument from [18, 14] that the mean of the cluster resulting from
the eigenvalue splitting of converging eigenvalues better approximates the limit
eigenvalue than any of the individual eigenvalues from the cluster. Then we provide
a reconstruction formula for the interface changes that has the same general form
as the one in the simple eigenvalue case.

Let w? denote an eigenvalue of the problem for (2) with geometric multiplicity m
and let {uo’j }jzlw.’m be L2?-orthonormal eigenfunctions corresponding to wg. Let
(w?)? be the eigenvalues of problem (6) for € > 0 that are generated by splitting
from w3 and let ul be the associated eigenfunction (normalized with respect to L?)
such that uf — g ; as € — 0.
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Then, by (8) and (9) and proceeding similarly as in the proof of Theorem 2.1 we
get the following result.
Theorem 4.1. As e — 0, the following asymptotic expansion holds:

1 1 e 1
e o
0 j=1 (WE)

m

__M z au&jx 2 kau&jx A 148
=S [ (R 2w do o)

or v~ Ov

for some 3 > 0.

Using Theorem 4.1, we can adapt the algorithm described in the previous section
to reconstruct the shape deformation in the case of a multiple eigenvalue. For
g € L?(09) satisfying faﬂ guo; =0 for j =1,...,m, let wy be the solution to

V- (vpVw,) = —wiw, in Q,
(46) WDW =g on 0f),

/ngO,j:L ]:1,,m
Q

The method for reconstructing the shape deformation in the case of a multiple
eigenvalue w? is to minimize the functional J(h) over h where J is given by

L
J(h) == Z
=1
_Ey o Oug; _\ Owg, e Oug;  Owy
mjz—:l/‘m M %)( or (z) or () + v Ov (2) Ov () ) doe

where g1, ..., gy are linearly independent functions.

m

1 , 1 ,
DN IICESTDES VS
j=1

j=1

5. NUMERICAL EXAMPLES

We now present numerical examples of the shape deformation reconstruction
method described in the previous section. In the following examples, the back-
ground domain €2 is assumed to be the unit disk centered at the origin and the
(unperturbed) inclusion D is the disk centered at (0, —0.2) with radius 0.4. We fix
the conductivities:

Ye=1 and ~; =1.5.

In order to acquire (simulated) data, we use a boundary integral method. Let S%

and DY, be the single and double layer potentials on 0D defined by the fundamental

4

(outgoing) solution I, (z) = —ZHél)(w|ac|) to the operator A + w?:

S8lel(x) = /8 o= 9)pl)do(y). @ € B

Dhlele) = [ P o). o < R\ 0D,

for ¢ € L?(0D). Here H(gl) is the Hankel function of first kind and order 0.
We define analogously Sg and Dg to be the single and double layer potentials
on Jf).
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The solution ug to (2) can be represented as
(47) uo(z) = {SDfTi [e](2), reD,
Spll(@) + Dglfl(x) — Silgl(z), =€ Q\D,

where f = ugloq, g = %‘8(} =0, and (¢,%) € L*(0D) x L*(0D) is a solution to
the following integral equation:

S5 1el = S8l + Dalf] on OD.
(48) ko (ST LA = A-(SplUl+ DRI on 9D,
Sp)+ (DRI = f on 09,

The computations of the eigenvalues are performed numerically. We discretize
(48) to have a linear system, which is singular when w is an eigenvalue, and obtain
(¢, 1, f(= uplaq)) which corresponds to the first and second eigenvalues. For the
perturbed solution, we use the same method with D, instead of D. Both unper-
turbed and perturbed eigenvalues have multiplicity 2. For each of these eigenvalues,
the interior value of corresponding eigenfunctions are calculated using (47). The
computations of the eigenvalues and the eigenfunctions on the boundary 0f) are
performed with an accuracy much higher than e because otherwise this would af-
fect dramatically the reconstruction algorithm and would make the reconstruction
of h inaccurate.

Note that (for both the perturbed and the unperturbed problem) there are many
almost zero eigenvalues of the discrete system corresponding to (48). But all the
eigenfunctions except two are nearly zeros on 0f). The two eigenfunctions are
obtained from the eigenfunctions which have non-zero values on 9. Moreover, by
a linear transformation, we can insure that the eigenfunctions associated with the
perturbed eigenvalue converge to those associated with the unperturbed one.

In a similar way, the function wy, is calculated for

(49) gr=a;+bcost+¢sinl+1)0+dycos(l+1)0, 1 <1< L(=8),

where a;, b;, ¢, d; are constants chosen for g; to satisfy the normalization condition
in (46). Problem (46) is solved using a boundary integral method with a minimal
nodal point distance of order e. This is to insure a quality of the solution to the
auxiliary problem (46) enough to have an accurate reconstruction of h.

We simulate the reconstruction method for the perturbation function h given by

h(0) =1 — 2sin(j6), j =0,3,6,9, and € = 0.02, 0.04.

As j increases, oscillations in h become higher and the reconstruction problem
becomes more and more difficult to solve.
In the reconstruction algorithm, h is approximated as follows:

9 18

h(0) = ho + Y (hap-1cospd + hapsinp) =: »  h,®,(6),
p=1 p=0

where
Do(0) =1, Dy,-1(0) = cospl, Dy,(0) =sinpd, p=1,...,9.
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For1<j <2, 1<[<8,and 0 < p <18, define a matrix My as
ouf ; owe 10u§ . Ows
M,2(—1) +1,p) =elk—1 o LY P P a0 Sutind 3 do,
-1+ 1) = eli =) [ @) (0 G @)+ § G @) @) ) do,
where s = 1 and s = 2 stands for the first and second eigenvalue, respectively. The

measurement data vector B is

B.2(j 1) +1) = /6 ot =)o = (w1 = ).

For s = 1,2, coefficients h;, are obtained by

(B, .. hig) =(MT M, +61,9) " MT B,

where I1g is the 19 x 19 identity matrix and the regularization parameter 0 is one
of the following numbers 1,0.01,0.001. Now, stack two matrices M; and Ms and
data vectors By and Bs, vertically, and compute the new coefficients h;’) by

(h§, ..., his) =(Stack(My, M>)" Stack(M;, M2)+5119)’18tack(M1, Ms)T'Stack(By, B).

A similar formula could be derived if the eigenvalue is more than double.
Example 1. In this example, h(d) = 1 — 2sin(j6), j = 0,3,6,9, and ¢ = 0.02.
Here and in the following examples, we assume that € is known and reconstruct h.
In Figure 1, h is approximated from the data corresponding to the first eigenvalue in
the first column, and second eigenvalue in the second column, and first and second
eigenvalues in third column. The regularization parameter J is taken to be equal to
0.001 except for 7 = 3 and 6 on the third column. In these two exceptional cases, d is
chosen to be 0.01. Figure 1 shows that first eigenvalue measurements work very well
for not highly oscillating perturbations h, but it is not enough for higher oscillatory
perturbation. This clearly indicates the resolution limit of our algorithm and shows
that it is function of the modal measurements we use. However, the quality of image
is increased when second eigenvalue measurements are used as well.

Example 2. In this example, h(d) = 1 — 2sin(j6), j = 0,3,6,9, and e = 0.04.
Regularization parameter § is 1 for all cases in this example. Reconstruction results
are shown in Figure 2.

Example 3. The example in Figure 3 shows the reconstruction of an inclusion
which is shifted 0.2 to the right. First eigenvalue measurements are used, and
regularization parameter § is 0.01. In this example, the obtained image is very
close to the real one.

Example 4. The example in Figure 4 shows the reconstruction of an inclusion
which is perturbed and shifted to the right, i.e., D is perturbed as eh(8) = 0.02(1 —
2sin66) and then shifted 0.2 to the right. Regularization parameter J is 1. In this
example we used the first and third eigenvalues.

6. CONCLUDING REMARKS

In this paper we have introduced an optimization procedure for reconstruct-
ing interface changes of an inclusion from modal measurements. Our procedure
takes advantage of the smallness of the changes. It is based on the dual asymp-
totic formula in Theorem 3.1. We have presented numerical experiments that show
that our reconstruction procedure from eigenvalue measurements works pretty well
for reconstructing perturbations of the interface. We have also pointed out the
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FiGure 1. The solid grey curves represent the inclusions, which
are perturbations of disks, given by the dashed grey curves. The
black curves are the reconstructed inclusions. The perturbation is
given by eh where € = 0.02.

resolution limit of our procedure and observed how it increases as the used eigen-
frequency increases. Indeed, we have showed that multi-modal measurements yield
better reconstruction than those obtained by only one pair of modal parameters.
Very recently, all of the results of this paper have been extended to linear elasticity
in [1].

To conclude this paper, we make few remarks. We first note that Theorem 2.1
may be used to compute the shape derivative of objective functionals involving
eigenvalues of (2). Recall that if we consider the perturbation under the map 6:

D9={$+9(l’):x€D},
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1 N

Bl o 1 = 0 1 =) o 1

FIGURE 2. Reconstruction result when ¢ = 0.04.

A

FIGURE 3. Reconstruction of a shifted inclusion.

1

-0.2

where § € W1°°(R2? R?) is such that ||0]|j1.~ < 1, then the shape derivative of an
objective functional J(D) at D is defined as the Fréchet differential of 8 — J(Dy)
at 0, which depends only on 6 - v on the boundary 0D.
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FIGURE 4. Reconstruction of a perturbed and shifted inclusion
using the first eigenvalue (on the left), the third eigenvalue (in the
middle) and both the first and the third eigenvalues (on the right).

Indeed, based again on Theorem 2.1, the level set approach developed by Osher
and Santosa in [19] for solving the acoustic drum problem can be immediately
generalized to the inclusion problem infp J(D). See for instance [5, 3].

Finally, it would be interesting to study the limit of (7) as 7. tends to 0. In
this case, w?/v; and w?/v; approach to the Neumann eigenvalues for D, and D,
respectively. Recall that the formula for the Neumann eigenvalue perturbation due
to small deformation of the boundary is well-known and the leading-order term is
given by

(50) 5(/ h|Vuo|? da—wg/ h|vo da>,
oD oD

where v is the (normalized) Neumann eigenfunction. See, for example, section 5.6
n [21]. It would be interesting to show rigorously that the first order term of the
expansion of w?/v; — w2 /v; in (7) converges to the one in (50) as v, — 0.
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