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Abstract

This paper is devoted to mathematical modelling in photo-acoustic imag-
ing. We propose a new method for reconstructing absorbing regions inside a
bounded domain from boundary measurements of the induced acoustic signal.
We also show the focusing property of the back-propagated acoustic signal.
Indeed, we provide two different methods for locating a targeted optical ab-
sorber from boundary measurements of the induced acoustic signal. The first
method consists of a MUltiple Signal Classification (MUSIC) type algorithm
and the second one uses a multi-frequency approach. We also show results of
computational experiments to demonstrate efficiency of the algorithms.
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1 Introduction

The photo-acoustic effect is the physical basis for photo-acoustic imaging; it refers
to the generation of acoustic waves by the absorption of optical energy [26, 15].
In photo-acoustic imaging, energy absorption causes thermo-elastic expansion of
the tissue, which in turn leads to propagation of a pressure wave. This signal is
measured by transducers distributed on the boundary of the object, which is in turn
used for imaging optical properties of the object.
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In the last decade or so, work on photo-acoustic imaging in biomedical applica-
tions has come a long way. The motivation is to combine ultrasonic resolution with
high contrast due to optical absorption. In pure optical imaging, optical scattering in
soft tissues degrades spatial resolution significantly with depth. Pure optical imag-
ing is very sensitive to optical absorption but can only provide a spatial resolution
of the order of 1 cm at cm depths. Pure conventional ultrasound imaging is based
on the detection of the mechanical properties (acoustic impedance) in biological soft
tissues. It can provide good spatial resolution because of its millimetric wavelength
and weak scattering at MHz frequencies. The significance of photo-acoustic imag-
ing combines both approaches to provide images of optical contrasts (based on the
optical absorption) with the ultrasound resolution.

If the medium is acoustically homogeneous and has the same acoustic properties
as the free space, then the boundary of the object plays no role and the optical prop-
erties of the medium can be extracted from measurements of the pressure wave by
inverting a spherical Radon transform (see the next section for references for recon-
struction in the free space) [2, 22]. In the more realistic situation, where a boundary
condition has to be imposed on the pressure field, such an inversion formula does
not hold. In this paper, we propose a new approach for reconstructing absorbing
regions and absorbing energy density inside a bounded domain from boundary data.
We also consider a problem of selective detection which is to locate a targeted opti-
cal absorber among several absorbers from boundary measurements of the induced
acoustic signal.

We first consider a problem of identifying absorbing regions from boundary mea-
surements. It turns out that the spherical waves centered at some points, which we
call probe waves, may serve as solutions to adjoint problems to the wave equation for
the photo-acoustic phenomena. By integrating the boundary measurements against
this spherical wave, we can estimate the duration of the wave on the absorber. Then
by choosing a few waves centered at different points and taking intersection of du-
rations of these waves we can estimate the location and size of the absorber pretty
accurately.

We then turn our attention to the selective detection and propose two methods
to localize the targeted absorber. The first method is based on a MUltiple SIgnal
Classification (MUSIC) type algorithm in conjunction with the time reversal tech-
nique, namely, back-propagation of the acoustic signal [12, 13, 14, 4]. This method
works when the absorbing coefficient of the targeted absorber is in contrast with
those of other absorbers. We also investigate the focusing property of the back-
propagated acoustic signal. An alternative method of selective detection is based
on the fact that the absorbing coefficient may vary depending on the frequencies.
Some absorbers are transparent at certain frequency while they are quite absorbing
at other frequencies. This phenomenon make a multi-frequency approach work to
detect a targeted absorber. We propose a detailed process of this multi-frequency
approach.
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These methods are tested numerically using simulation data. Computational
results clearly exhibit their accuracy and efficiency. It should be emphasized that
all the methods proposed in this paper are derived using approximations which are
valid under the assumption that the optical absorbers are of small size.

The paper is organized as follows: In section 2, we formulate the mathemat-
ical problems (in a bounded domain) and review known results of reconstruction
using the spherical Radon transform in the free space. In section 3 we propose a
reconstruction method using probe waves. Section 4 is to investigate the focusing
property of the back-projected signal. Section 5 is devoted to the selective detection.
Section 6 is to present results of computational experiments. The paper ends with
a short discussion.

2 Mathematical Formulation

Let Dl, l = 1, . . . , m, be m absorbing domains inside the non-absorbing background
bounded medium Ω ⊂ R

d, d = 2 or 3. In an acoustically homogeneous medium, the
photo-acoustic effect is described by the following equation:

∂2p

∂t2
(x, t) − c2∆p(x, t) = γ

∂H

∂t
(x, t), x ∈ Ω, t ∈] −∞, +∞[, (2.1)

where c is the acoustic speed in Ω, γ the dimensionless Grüneisen coefficient in Ω,
and H(x, t) a heat source function (absorbed energy per unit time per unit volume).

Assuming the stress-confinement condition, the source term can be modelled as
γH(x, t) = δ(t)

∑

l χDl
(x)Al(x). Here and throughout this paper χDl

is the indicator
function of Dl. Under this assumption, the pressure in an acoustically homogeneous
medium obeys the following wave equation:

∂2p

∂t2
(x, t) − c2∆p(x, t) = 0, x ∈ Ω, t ∈]0, T [, (2.2)

for some final observation time T . The pressure satisfies either the Dirichlet or the
Neumann boundary condition

p = 0 or
∂p

∂ν
= 0 on ∂Ω×]0, T [ (2.3)

and the initial conditions

p|t=0 =
m

∑

l=1

χDl
(x)Al(x) and

∂p

∂t

∣

∣

∣

t=0
= 0 in Ω. (2.4)

Here and throughout this paper, ν denotes the outward normal to ∂Ω. It is worth
emphasizing that both the Dirichlet and Neumann boundary conditions in (2.3)
yield good mathematical models in practice.
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The inverse problem in photo-acoustic imaging is to determine the supports of
nonzero optical absorption (Dl, l = 1, . . . , m) in Ω and the absorbed optical energy
density times the Grüneisen coefficient A(x) =

∑m
l=1 Al(x)χDl

(x) from boundary

measurements of ∂p
∂ν on ∂Ω×]0, T [ if p satisfies the Dirichlet boundary condition and

p on ∂Ω×]0, T [ if p satisfies the Neumann boundary condition. We will assume that
T is large enough so that

T >
diam(Ω)

c
. (2.5)

It says that the observation time is long enough for the wave initiated inside Ω to
reach the boundary ∂Ω.

The density A(x) is related to the optical absorption coefficient distribution
µa(x) =

∑m
l=1 µl(x)χDl

(x) by the equation A(x) = γµa(x)Φ(x), where Φ is the light
fluence. The function Φ depends on the distribution of scattering and absorption
within Ω, as well as the light sources. The reconstruction of the optical absorption
coefficient distribution µa(x) from A(x) is therefore a non-trivial task, out of the
scope of this paper.

To date, photo-acoustic imaging has been restricted to the reconstruction of
A(x) from pressure measurements. The difficulty of reconstructing the absorbed
optical energy density A(x) from pressure boundary measurements on ∂Ω×]0, T [
comes from the boundary itself. Suppose d = 3 and consider the wave equation

∂2p

∂t2
(x, t) − c2∆p(x, t) = 0

in the free space with the initial conditions p =
∑m

l=1 χDl
Al(x) and ∂tp = 0 at t = 0.

The pressure p in this case can be written explicitly as follows:

p(x, t) =
d

dt

[ m
∑

l=1

∫

|x−x′|=ct

χDl
(x′)Al(x

′)

4π|x − x′|
dS(x′)

]

,

or equivalently,

p(x, t) =
c

4π

d

dt

[

t
m

∑

l=1

∫

|x′|=1
χDl

(x + ctx′)Al(x + ctx′) dS(x′)

]

, (2.6)

where dS is the surface area element on the unit sphere, since c2t2dS(x′) = dσ(x′).
Formula (2.6) says that c−1t−1

∫ t
0 p(x, τ)dτ is the spherical Radon transform of A(x).

Hence, we can reconstruct A by inverting the spherical Radon transform. We refer
the reader to the papers [1, 2, 21, 27, 18, 19, 3] for uniqueness of the reconstruction
and back-projection inversion procedures. See also [22].

In a bounded domain, there is no analogous to the representation formula (2.6)
and very little is known in the literature. Only the half-space problem has been
considered [25].
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The main purpose of this paper is to deal with this difficulty and to develop new
methods to reconstruct absorbing regions and their densities. We propose a method
related to the time-reversal technique [14] for reconstructing A. We will also show the
focusing property of the back-propagated acoustic signal and provide two different
methods for locating a targeted optical absorber from boundary measurements of
the induced acoustic signal. The first method consists of a MUSIC-type algorithm
while the second one uses a multi-frequency approach. It is worth mentioning, in
connection with our reconstruction methods, the nice analysis of the sensitivity of a
photo-acoustic wave to the presence of small absorbing objects in [15].

3 A Reconstruction Method

The algorithms available in the literature are limited to unbounded media. They
use the inversion of the spherical Radon transform. However, since the pressure
field p is significantly affected by the acoustic boundary conditions at the tissue-air
interface, where the pressure must vanish, we cannot base photo-acoustic imaging on
pressure measurements made over a free surface. Instead, we propose the following
algorithm.

Let v satisfy
∂2v

∂t2
− c2∆v = 0 in Ω×]0, T [, (3.1)

with the final conditions

v|t=T =
∂v

∂t

∣

∣

∣

t=T
= 0 in Ω, (3.2)

which is an adjoint problem to (2.2)-(2.4). We will refer to v as a probe function or
a probe wave.

Multiply both sides of (2.2) by v and integrate them over Ω× [0, T ]. After some
integrations by parts this leads to the following identity:

∫ T

0

∫

∂Ω

∂p

∂ν
(x, t)v(x, t) dσ(x) dt =

1

c2

m
∑

l=1

∫

Dl

Al(x)∂tv(x, 0)dx. (3.3)

Here we assume that p satisfies the Dirichlet boundary condition.
Suppose first that d = 3. For y ∈ R

3 \ Ω, let

vy(x, t; τ) :=
δ
(

t + τ − |x−y|
c

)

4π|x − y|
in Ω×]0, T [, (3.4)

where δ is the Dirac mass at 0 and τ > dist(y,∂Ω)
c is a parameter. It is easy to check

that vy satisfies (3.1) (see e.g. [17, page 117]). Moreover, since

|x − y| ≤ diam(Ω) + dist(y, ∂Ω)
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for all x ∈ Ω, vy satisfies (3.2) provided that the condition (2.5) is fulfilled.
We write

Dl = zl + εBl,

where zl is the “center” of Dl, Bl contains the origin and plays a role of a refer-
ence domain, and ε is the common order of magnitude of the diameters of the Dl.
Throughout this paper, we assume that zl’s are well-separated, i.e.,

|zi − zj | > C0 ∀i 6= j (3.5)

for some positive constant C0. Suppose that

Al(x) =
N

∑

|j|=0

1

j!
a

(l)
j · (x − zl)

j (3.6)

which is reasonable as Dl is small. Here, j = (j1, . . . , jd), xj = xj1
1 . . . xjd

d , and
j! = j1! . . . jd!. Equation (3.6) corresponds to a multipolar expansion up to order N
of the optical effect of Dl.

Choosing vy as a probe function in (3.3), we obtain the new identity

1

c2

m
∑

l=1

N
∑

|j|=0

1

j!
a

(l)
j

∫

Dl

(x − zl)
j∂tvy(x, 0; τ)dx =

∫ T

0

∫

∂Ω

∂p

∂ν
(x, t)vy(x, t; τ) dσ(x) dt.

(3.7)

Determination of location. Suppose for simplicity that there is only one ab-
sorbing object (m = 1) which we denote by D(= z + εB). Identity (3.7) shows
that

τ 7→

∫ T

0

∫

∂Ω

∂p

∂ν
(x, t)vy(x, t; τ) dσ(x) dt (3.8)

is nonzero only on the interval ]τa, τe[, where τa = dist(y, D)/c is the first τ for which
the sphere of center y and radius τ hits D and τe is the last τ for which such sphere
hits D. This gives a simple way to detect the location (by changing the source point y

and taking intersection of spheres). The quantity
∫ T
0

∫

∂Ω
∂p
∂ν (x, t)vy(x, t; τ) dσ(x) dt

can be used to probe the medium as a function of τ and y. For fixed y, it is a
one-dimensional function. It is related to time-reversal in the sense that it is a
convolution with a reversed wave.

Let us now compute
∫

D(x − z)j∂tvy(x, 0; τ)dx for τ ∈]τa, τe[. Note that, in a
distributional sense,

∂tvy(x, 0; τ) =
δ′

(

τ − |x−y|
c

)

4π|x − y|
. (3.9)
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Thus we have
∫

D
(x − z)j∂tvy(x, 0; τ)dx =

∫

D

(x − z)j

4π|x − y|
δ′

(

τ −
|x − y|

c

)

dx.

Letting s = |x − y| and σ = x−y
|x−y| , we get by a change of variables

∫

D
(x − z)j∂tvy(x, 0; τ)dx =

1

4π

∫ +∞

0
s

∫

S2

χD(sσ + y)(sσ + y − z)jδ′(τ −
s

c
) ds dσ,

(3.10)
where S2 is the unit sphere.

Define for multi-indices j

bj(D, t; τ) =

∫

S2

χD(c(τ − t)σ + y)(c(τ − t)σ + y − z)jdσ.

Note that the function bj(D, t; τ) is dependent on the shape of D (bj is kind of
moment of order j of the domain D). If we take D to be a sphere of radius r
(its center is z), then one can compute bj(D, t; τ) explicitly using the spherical
coordinates.

Since
∫ +∞

0
s

∫

S2

χD(sσ + y)(sσ + y − z)jδ′(τ −
s

c
) ds dσ = −c2 d

dt

[

(τ − t)bj(D, t; τ)

]
∣

∣

∣

∣

t=0

,

it follows from (3.10) that
∫

D
(x − z)j∂tvy(x, 0; τ)dx =

c2

4π
(bj(D, 0; τ) − τb′j(D, 0; τ)),

where b′j is the derivative with respect to t. We then obtain the following theorem
from (3.7).

Theorem 3.1 For τ ∈]τa, τe[,

1

4π

N
∑

|j|=0

aj

j!
· (bj(D, 0; τ)− τb′j(D, 0; τ)) =

∫ T

0

∫

∂Ω

∂p

∂ν
(x, t)vy(x, t; τ) dσ(x) dt. (3.11)

If the Dirichlet boundary condition (2.3) is replaced by the Neumann boundary
condition:

∂p

∂ν
= 0 on ∂Ω×]0, T [, (3.12)

then (3.11) should be replaced by

1

4π

N
∑

|j|=0

aj

j!
· (bj(D, 0; τ) − τb′j(D, 0; τ)) = −

∫ T

0

∫

∂Ω

∂vy

∂ν
(x, t; τ)p(x, t) dσ(x) dt.

(3.13)
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Estimation of absorbing energy. Now, we show how to use formula (3.11) for
estimating a(j) and some geometric features of D when the location z of D has been
determined by the variations of the function in (3.8). Suppose that N = 0, i.e., A
is constant on D. Then (3.11) reads

1

4π
a0 · (b0(D, 0; τ) − τb′0(D, 0; τ)) =

∫ T

0

∫

∂Ω

∂p

∂ν
(x, t)vy(x, t; τ) dσ(x) dt.

Note that b0(D, 0; τ) − τb′0(D, 0; τ) for τ > 0 is supported in [τa, τe]. We then have

|a0|

4π
·

∫ τe

τa

∣

∣

∣

∣

b0(D, 0; τ) − τb′0(D, 0; τ)

∣

∣

∣

∣

dτ

=

∫ τe

τa

∣

∣

∣

∣

∫ T

0

∫

∂Ω

∂p

∂ν
(x, t)vy(x, t; τ) dσ(x) dt

∣

∣

∣

∣

dτ. (3.14)

If we further assume that D = z + εB for small ε and a sphere B of radius 1,
then we can compute b0(D, t; τ) explicitly. In fact, one can show that

b0(D, t, τ) =











π
ε2 − (|z − y| − c|τ − t|)2

c|z − y||τ − t|
if − ε < |z − y| − c|τ − t| < ε,

0 otherwise,

(3.15)
and hence we deduce cτa = |z − y| − ε, cτe = |z − y| + ε, and

b0(D, 0, τ) − τb′0(D, 0, τ) =
2π(|z − y| − cτ)

|z − y|

for τ > 0. Therefore, easy computations show that

|a0|ε
2 ≈ c|z − y|

∫ τe

τa

∣

∣

∣

∣

∫ T

0

∫

∂Ω

∂p

∂ν
(x, t)vy(x, t; τ) dσ(x) dt

∣

∣

∣

∣

dτ, (3.16)

which gives an approximation of |a0|ε
2. Higher-order approximations can be ob-

tained from (3.11) as well.

Suppose now d = 2. Due to the two-dimensional nature of the Green function,
we shall rather consider a new probe wave given by

vθ(x, t; τ) = δ

(

t + τ −
〈x, θ〉

c

)

(3.17)

where θ ∈ S1, 〈·, ·〉 denotes the Euclidian scalar product, and τ is a parameter
satisfying

τ > max
x∈Ω

(

〈x, θ〉

c

)

.
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We can still use the function

τ 7→

∫ T

0

∫

∂Ω

∂p

∂ν
(x, t)vθ(x, t; τ) dσ(x) dt

to probe the medium as a function of τ . This quantity is non-zero on the interval
]τa, τe[, where τa and τe are defined such that planes 〈x, θ〉 = cτ for τ = τa and τe

hit D. Changing the direction θ and intersecting stripes gives us an efficient way to
reconstruct the inclusions.

By exactly the same arguments as in three dimensions, one can show that

1

c

N
∑

|j|=0

aj

j!
· b′j(D, 0; τ) =

∫ T

0

∫

∂Ω

∂p

∂ν
(x, t)vθ(x, t; τ) dσ(x) dt, (3.18)

where

bj(D, t; τ) :=

∫

R

χD(c(τ − t)θ + uθ⊥)(c(τ − t)θ + uθ⊥ − z)jdu. (3.19)

Assuming N = 0 and D = z + εB, we can compute b0 explicitly. We have

b0(D, t; τ) =

{

2
√

ε2 − (c|τ − t| − 〈z, θ〉)2 if − ε < 〈z, θ〉 − c|τ − t| < ε,
0 otherwise.

(3.20)
Since cτa = 〈z, θ〉 − ε, cτ0 = 〈z, θ〉 and cτb = 〈z, θ〉 + ε, we get

|a0|ε =
c

4

∫ τe

τa

∣

∣

∣

∣

∫ T

0

∫

∂Ω

∂p

∂ν
(x, t)vθ(x, t; τ) dσ(x) dt

∣

∣

∣

∣

dτ. (3.21)

The above formula can be used to estimate |a0|ε.
In the case when there are m inclusions, we first compute for each l the quantity

θl,best = argmax
θ∈[0,π]

(

min
j 6=l

|〈zj − zl, θ〉|

)

(3.22)

and then, since along the direction θl,best, the inclusion Dl is well separated from all
the other inclusions, we can use formula (3.21) to estimate its |a0|ε.

To conclude this section, we make a few remarks. We first emphasize that probe
functions other than those in (3.4) and (3.17) can be used.

If the medium contains small acoustic anomalies, then the effect of the inho-
mogeneity of acoustic speed can be neglected when the anomalies are away from
the optical absorbing domains. However, we need to correct this effect when the
anomalies are close to or on the absorbing region. In this case, the probe function
vy has to be corrected and this correction can be constructed by using the inner
expansions derived in [7]. See also [4].
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Let us digress a little to the problem posed in the free space. Let Ω be a large
domain containing the support D of the nonzero absorption. We can check from the
explicit formula (2.6) for p that

∫ T

0

∫

∂Ω

(

∂p

∂ν
(x, t)vy(x, t; τ) − p(x, t)

∂vy

∂ν
(x, t; τ)

)

dσ(x) dt

=
1

4π

N
∑

|j|=0

aj

j!
· (bj(D, 0; τ) − τb′j(D, 0; τ)),

which shows the consistency of our approach with the free space problem.

4 Back-Propagation of the Acoustic Signals

If we separate out the time dependence of p, the solution to (2.2)-(2.4), by expanding
p(x, t) into a set of harmonic modes, then, for a given frequency ζ, the harmonic
mode p̂(x, ζ) satisfies the following Helmholtz equation:

−(ζ2 + c2∆)p̂(x, ζ) = iζ(
m

∑

l=1

χDl
Al(x)) in Ω, (4.1)

with the boundary condition

p̂ = 0 or
∂p̂

∂ν
= 0 on ∂Ω.

Suppose that −ζ2/c2 is not an eigenvalue of ∆ in Ω with the Dirichlet or the
Neumann boundary condition. The inverse problem we consider in this section is to
reconstruct A =

∑m
l=1 χDl

Al from the measurements of ∂p̂
∂ν or p̂ on ∂Ω.

In this section, we show the focusing properties of the back-propagated acoustic
signals. For doing so, let Γy(x), for y ∈ R

d\Ω, be the fundamental outgoing solution
of −(ζ2 + c2∆) in R

d, i.e.,

−(ζ2 + c2∆x)Γy(x) = δx=y

subject to the outgoing radiation condition. It then follows from the divergence
theorem that

iζ
m

∑

l=1

∫

Dl

Al(x)Γy(x)dx = c2

∫

∂Ω
p̂(x, ζ)

∂Γy

∂ν
(x)dσ(x) − c2

∫

∂Ω

∂p̂

∂νx
(x, ζ)Γy(x) dσ(x).

As before, suppose that Dl = zl + εBl, where ε is small. Then, we have

iζ
m

∑

l=1

|Dl|Al(zl)Γy(zl) ≈















c2

∫

∂Ω
p̂(x, ζ)

∂Γy

∂ν
(x)dσ(x) if

∂p̂

∂ν
= 0 on ∂Ω,

−c2

∫

∂Ω

∂p̂

∂ν
(x, ζ)Γy(x) dσ(x) if p̂ = 0 on ∂Ω.

(4.2)
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For R large enough, let SR := {|y| = R}. Set

H(y) := −
ic2

ζ
×















∫

∂Ω
p̂(x, ζ)

∂Γy

∂ν
(x)dσ(x) if

∂p̂

∂ν
= 0 on ∂Ω,

−

∫

∂Ω

∂p̂

∂ν
(x, ζ)Γy(x) dσ(x) if p̂ = 0 on ∂Ω,

(4.3)

and αl = |Dl|Al(zl). Note that, for any y ∈ R
d \ Ω, the function H(y) can be

computed from the boundary measurements of p.
Back-propagating p corresponds to computing

W (z) :=

∫

SR

[

∂Γz

∂ν
(y)H(y) −

∂H

∂ν
(y)Γz(y)

]

dσ(y), z ∈ Ω, (4.4)

where H is defined in (4.3) (see e.g. [4]). Since from (4.2)

H(y) ≈
m

∑

l=1

αlΓy(zl)

for y in a neighborhood of SR, we have

W (z) ≈
m

∑

l=1

αl

∫

SR

[

∂Γz

∂ν
(y)Γzl

(y) −
∂Γzl

∂ν
(y)Γz(y)

]

dσ(y) = 2
m

∑

l=1

αl=mΓzl
(z).

(4.5)

Thus it is now easy to find the locations zl, l = 1, . . . , m, as the points where the
functional W has its maximum. Equation (4.5) shows that the reversed signal focuses
on the locations of the absorbers with a resolution determined by the behavior of
the imaginary part of the Green function.

5 Selective Detection

The purpose of selective detection is to focus high-intensity ultrasound towards
a targeted optical absorber in biological tissue, based on the back-propagation of
photo-acoustic waves generated by this optical absorber [16]. The main difficulty
in focusing towards a targeted optical absorber is that photo-acoustic waves are
generated by other optical absorbers in the medium as well. In this section we
propose two methods of different nature to overcome this difficulty.

5.1 Multiple Signal Classification Algorithm

Here, we use the same notation as in Section 4. Suppose that for some l0, Dl0 is a
targeted optical absorber and its coefficient αl0 is known. However, its location zl0

is not known. Suppose also that

|αl0 | ≥ C, |αl0 − αl| ≥ C, ∀ l 6= l0, (5.1)
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for some positive constant C. This means that αl0 is significantly different from the
coefficients associated with all the other absorbers in the medium. The locations
and the αl’s of all the other absorbing inclusions (Dl for l 6= l0) are not known.

To localize the absorbing object Dl0 without knowing any of the others, we
compute the following quantity for z ∈ Ω:

Wl0(z) :=
1

αl0 − 4πc4
∫

SR
Γy(z)H(y) dσ(y)

. (5.2)

Let us put k = ζ
c for simplicity of notation. Recall that in three dimensions

Γy(z) =
eik|y−z|

4πc2|y − z|
≈

eik|y|

4πc2|y|
e
−ik y

|y|
·z
,

if |y| is sufficiently large while in the two-dimensional case

Γy(z) =
i

4c2
H

(1)
0 (k|y − z|) ≈

eik|y|+iπ/4

2c2
√

2kπ|y|
e
−ik y

|y|
·z
.

Therefore, in three dimensions we have for large R

∫

SR

Γy(z)Γy(zl) dσ(y) ≈
1

(4πRc2)2

∫

SR

e
−ik y

|y|
·(z−zl) dσ(y) =

1

4πc4

sin k|z − zl|

k|z − zl|
,

and hence

4πc4

∫

SR

Γy(z)H(y) dσ(y) ≈
m

∑

l=1

αl
sin k|z − zl|

k|z − zl|
.

This yields

Wl0(z) ≈
1

αl0 −
∑

l αl
sin k|z−zl|

k|z−zl|

.

Therefore, thanks to the assumption (3.5), we have

Wl0(z) ≈
1

∑

l 6=l0
αl

sin k|z−zl|
k|z−zl|

� 1 for z near zl0 . (5.3)

We also have from the assumption (5.1)

Wl0(z) ≈
1

αl0 −
∑

l αl
sin k|z−zl|

k|z−zl|

= O(1) for z away from zl0 . (5.4)

It then follows that zl0 can be detected as the point where the functional Wl0 has a
peak. This is a MUSIC-type algorithm for locating the anomalies.
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In the two-dimensional case, we compute for large R

∫

SR

Γy(z)Γy(zl) dσ(y) ≈
1

8kπRc4

∫

SR

e
−ik y

|y|
·(z−zl) dσ(y) =

1

4kc4
J0(k|z − zl|),

where J0 is the Bessel function of the first kind of order zero. It then follows that

4kc4

∫

SR

Γy(z)H(y) dσ(y) ≈
m

∑

l=1

αlJ0(k|z − zl|).

In two dimensions, define Wl0 by

Wl0(z) :=
1

αl0 − 4kc4
∫

SR
Γy(z)H(y) dσ(y)

.

As in the three-dimensional case, the behavior of the function J0 yields

Wl0(z) ≈
1

∑

l 6=l0
αlJ0(k|z − zl|)

� 1 for z near zl0

and

Wl0(z) ≈
1

αl0 −
∑

l αlJ0(k|z − zl|)
= O(1) for z away from zl0 .

Therefore, exactly as in three dimensions, zl0 can be detected as the point where
the functional Wl0 has a peak.

Note that one does not need the exact value of αl0 . One can get an approx-
imation of αl0 by looking numerically for the maximum of the function F (z) =
∫

SR
Γy(z)H̄(y)dσ(y).

5.2 Multi-Frequency Approach

An alternative method for isolating the photo-acoustic signal generated by the tar-
geted optical absorber from those generated by the others is to make use of two
light pulses with slightly different excitation wavelengths, ω1 and ω2, tuned to the
absorption spectrum of the targeted optical absorber. If the wavelengths are such
that ω1 corresponds to a low value (that can be neglected) of the absorption coef-
ficient of the optical target and ω2 to a high value of the absorption coefficient of
the optical target, then the only difference in photo-acoustic waves generated in the
medium by the two different pulses corresponds to the photo-acoustic waves gener-
ated by the light pulse selectively absorbed by the optical target (see e.g. [16, 24]).
Back-propagating this signal will focus on the location of the optical target [16].

Suppose that there are two absorbers, say D1 and D2, and assume that

|D2| � 1, (5.5)
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dist(D1, D2) ≥ C > 0, (5.6)

which means that D2 is small and D1 and D2 are apart from each other.
Let Φ1 and Φ2 be the light fluences corresponding respectively to illuminating

the medium with excitation wavelengths ω1 and ω2. If we take ω2 close to ω1, then
due to the assumptions (5.5) and (5.6) we have

µ1(x, ω1)Φ1(x) ≈ µ1(x, ω2)Φ2(x) in D1. (5.7)

The pressures generated by the photo-acoustic effect are given by































∂2p1

∂t2
(x, t) − c2∆p1(x, t) = 0, x ∈ Ω, t ∈]0, T [,

p1 = 0 or
∂p1

∂ν
= 0 on ∂Ω×]0, T [,

p1|t=0 = µ1(x, ω1)χD1
Φ1 and

∂p1

∂t

∣

∣

∣

t=0
= 0 in Ω,

and






























∂2p2

∂t2
(x, t) − c2∆p2(x, t) = 0, x ∈ Ω, t ∈]0, T [,

p2 = 0 or
∂p2

∂ν
= 0 on ∂Ω×]0, T [,

p2|t=0 = (µ1(x, ω2)χD1
+ µ2(x, ω2)χD2

)Φ2 and
∂p2

∂t

∣

∣

∣

t=0
= 0 in Ω.

For the sake of simplicity we work in the frequency domain. In view of (4.1), the
difference of the generated pressures p̂2 − p̂1 at frequency ζ can be approximated for
x ∈ Ω as follows:

(p̂2−p̂1)(x, ζ) ≈ iζ|D2|µ2(z, ω2)Φ2(z)×



















G(x, z) in the case of the
Dirichlet boundary condition,

N(x, z) in the case of the
Neumann boundary condition,

where G is the Dirichlet function:
{

−(ζ2 + c2∆)G(x, z) = δz in Ω,

G = 0 on ∂Ω,

and N is the Neumann function:






−(ζ2 + c2∆)N(x, z) = δz in Ω,

∂N

∂ν
= 0 on ∂Ω.
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Here we assume that −ζ2 is not an eigenvalue of ∆ in Ω with Dirichlet or Neumann
boundary condition.

Define, as in (4.3), H by

H(y) := −
ic2

ζ































∫

∂Ω
(p̂2 − p̂1)(x)

∂Γy

∂ν
(x)dσ(x) in the case of the Neumann

boundary condition,

−

∫

∂Ω

∂(p̂2 − p̂1)

∂ν
(x)Γy(x) dσ(x) in the case of the Dirichlet

boundary condition.

Back-propagating p̂2 − p̂1 yields

2|D2|µ2(z, ω2)Φ2(z)=mΓz(x) ≈

∫

SR

[

∂Γz

∂ν
(y)H(y)−

∂H

∂ν
(y)Γz(y)

]

dσ(y) for x ∈ Ω.

Here R large enough and SR = {|x| = R}, as before. This equation shows that the
reversed frequency-difference signal focus on the location z of the targeted optical
absorber. Using the equation we can reconstruct the location z with a resolution
given by the behavior of the imaginary part of the Green function and a signal-to-
noise ratio function of the quantity |D2|µ2(z, ω2)Φ2(z).

6 Numerical Examples

6.1 Reconstruction Algorithm

We perform numerical simulations to validate our approach. Data used were ob-
tained by numerically solving the 2-dimensional photo-acoustic equation (2.1) (with
the Dirichlet boundary condition) with a finite-difference in time-domain method.
The modelled medium was an acoustically homogeneous square (40 mm×40 mm)
with c = 1.5mms−1. The spatial step was 10 µm, and the temporal step was 9.3
ns. These steps were chosen to allow modelling the temporal Dirac in the heat
function by a gaussian impulse with a full width at half maximum of 250 ns. In
order to have accurate Neumann boundary data on the time interval ]0, T [, 4000
captors (spatial step=10 µm) were aligned on each edge of the square, taking 7500
measures of ∂p

∂ν over a total time length T of 70µs (time step=9.3 ns). In our further
computations, derivatives were obtained using the finite difference approximation,
integrals using trapezium approximation and we approximated

∫

f(t)δ(t − t0)dt by

the nearest discrete value of f(t0). Note also that the 7500 measures of ∂p
∂ν are only

used to very accurately interpolate the integral in the quantity defined by (3.8). It
has been checked that using 1/1000 of the data (1/10 in time and 1/10 in each space
component) still yields satisfactory reconstruction results.
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(a) Real configuration of the medium.
There are seven optical inclusions.
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(b) Reconstructed image of the medium.
Inclusions 6 and 7 are reconstructed as a
single inclusion.

Figure 1: Real and reconstructed configurations of the medium.

A first set of data was used to validate the reconstruction algorithm. Inside
the medium were several unknown inclusions of various size and absorption. Initial
situation is shown in Figure 1(a).

We computed the probe function for K=360 values of θ and L=800 values of
τ . Then, taking the intersection of all the zero-stripes, we obtained a binary image
of the medium. We also determined the gravity centers of the inclusions. Recon-
structed image is shown in Figure 1(b). Gravity centers of the real and reconstructed
inclusions are shown in Figure 2. First we notice our reconstruction method cannot
distinguish between too close inclusions 6 and 7.

As can be observed, results are quite accurate. Not considering inclusions 6-7,
mean error on the positions is less than the pixel size of our image (0.074 vs. 0.08).
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True positions
Positions determined with the algorithm

Figure 2: Gravity centers of actual and reconstructed inclusions.
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6.2 Back-Propagation Algorithm

To test the back-propagation algorithm, we simulated data based on the Helmholtz
equation (4.1) by using a finite element method. For all the simulations, we used
frequency ζ = 5Mrads−1. Note that one could not use the same space-time data as in
the reconstruction algorithm since the time length of these data is limited. Because
one has only access to p(x, t) for t ∈]0;T [, taking the discrete Fourier transform of
these data would not give p̂(x, ζ), but p̂ is acquired by convolution with the sinc
function.

We first applied the back-propagation algorithm on data generated by 7 inclu-
sions of radius 1mm. Each inclusion has a similar absorbed energy a0 = 1. The
actual configuration and the resulting image of W (z) are shown in Figure 3.
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Figure 3: Back-propagation simulation. Left: Actual configuration, Right: Plot of
W (z).

6.3 Selective Detection

6.3.1 MUSIC Algorithm

We first tested the MUSIC algorithm on a simple situation with only one inclusion.
We give the initial situation, the reconstruction function F (z) =

∫

SR
Γy(z)H̄(y)dσ(y)

which is close to the time-reversal philosophy [4], and then the MUSIC function
Wl0(z) which has a sharp peak around the inclusion. Results are shown in Figure 4.

We then simulated data with different energies to verify that the MUSIC al-
gorithm could selectively distinguish an inclusion whose absorbed energy is much
different from any other inclusion. Results, shown in Figures 5 and 6, are quite
satisfying since we could separate the contrasted inclusion among seven inclusions,
even with contrast equal to 2.

6.3.2 Multi-Frequency Approach

We simulated 2 sets of data corresponding to the situation described in Section 5.2.
We assumed that inclusion 6 was totally transparent at wavelength ω1 but appeared
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Figure 4: Selective detection: MUSIC simulation with a single inclusion. Top left:
actual configuration, top right: plot of F (z), bottom: plot of Wl0(z).
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Figure 5: Selective detection: MUSIC simulation with 7 inclusions, contrast=10.

just like the other inclusions at ω2. As expected, one can see in Figure 7 that the
algorithm managed to isolate inclusion 6.
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Figure 6: Selective detection: MUSIC simulation with 7 inclusions, contrast=2.
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Figure 7: Selective detection: Multi-frequency approach results. Inclusion 6 is trans-
parent at one frequency (top left), is seen at other frequency (top right), and hence
is separated (bottom).
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7 Concluding Remarks and Extensions

In the literature, it has been assumed in photo-acoustic tomography that ultrasound
propagates in a boundary-free infinite medium. The reconstruction procedures have
been based on the spherical Radon transform.

In this paper, we have provided a new method for reconstructing absorbing in-
clusions inside a bounded medium where boundary conditions are imposed. Because
of the acoustic boundary conditions, the spherical Radon inverse transform can not
be applied. Our approach is to make an appropriate averaging of the measurements
by using particular solutions to the wave equation. It is related to time-reversal in
the sense that it is a convolution with a reversed wave. It has been validated by
numerical simulations.

In the case where the time-dependence of the induced pressure by the photo-
acoustic effect can be separated out, we have designed a back-propagation algo-
rithm to detect the absorbers. It is resolution is determined by the behavior of the
imaginary part of the Green function of the acoustic medium. To isolate the photo-
acoustic signal generated by a targeted optical absorber from those generated by the
others we developed two different approaches: the first approach is of MUSIC-type
and the second one is a multi-frequency approach. These two approaches have the
same resolution.

All the algorithms designed in this paper can be extended to the case where the
acoustic background medium is heterogeneous but known.

Our approach extends to the case where only a part of the boundary is accessible.
If we suppose that the measurements are only done on a part Γ of the boundary
∂Ω, then the detection of the absorbers from these partial measurements hold only
under an extra assumption on T and Γ. The geometric control theory [8] can be
used to construct an appropriate probe function in the limited-view data case. This
will be discussed in a forthcoming paper. We also intend to generalize our inversion
formula to the case where the medium is acoustically inhomogeneous (contains small
acoustical scatterers and/or in the presence of attenuation). Using an asymptotic
approach, we would derive the effect of the presence of acoustic small anomalies on
the reconstruction of the optical properties and develop an algorithm that corrects
the undesired effect. Another important problem is to develop a stable and accu-
rate method for reconstructing the optical absorption coefficient from the absorbed
energy. This would be also the subject of a forthcoming work.
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