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Abstract

In this paper we consider a purely quasi-incompressible elasticity model. We rigor-
ously establish asymptotic expansions of near- and far-field measurements of the tran-
sient elastic wave induced by a small elastic anomaly. Our proof uses layer potential
techniques for the modified Stokes system. Based on these formulas, we design asymp-
totic imaging methods leading to a quantitative estimation of elastic and geometrical
parameters of the anomaly.
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1 Introduction

An interesting approach to assessing elasticity is to use the acoustic radiation force of an
ultrasonic focused beam to remotely generate mechanical vibrations in organs [11, 14]. The
acoustic force is due to the momentum transfer from the acoustic wave to the medium. The
radiation force acts as a dipolar source. A spatio-temporal sequence of the propagation
of the induced transient wave can be acquired, leading to a quantitative estimation of the
viscoelastic parameters of the studied medium in a source-free region [6, 7].

The Voigt model has been chosen to describe the viscoelastic properties of tissues. Cathe-
line et al. [8] have shown that this model is well adapted to describe the viscoelastic response
of tissues to low-frequency excitations.

In this paper, we neglect the viscosity effect and only consider a purely quasi-incompressible
elasticity model. We derive asymptotic expansions of the perturbations of the elastic wave-
field that are due to the presence of a small anomaly in both the near- and far-field regions as
the size of the anomaly goes to zero. Then we design an asymptotic imaging method leading
to a quantitative estimation of the shear modulus and shape of the anomaly from near-field
measurements. Using time-reversal, we show how to reconstruct the location and geometric
features of the anomaly from the far-field measurements. We put a particular emphasis on
the difference between the acoustic and the elastic cases, namely, the anisotropy of the focal
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spot and the birth of a near fieldlike effect by time reversing the perturbation due to an
elastic anomaly.

The results of this paper extend those in [3] to transient wave propagation in elastic
media.

The paper is organized as follows. In Section 2 we rigorously derive asymptotic formulas
for quasi-incompressible elasticity and estimate the dependence of the remainders in these
formulas with respect to the frequency. Based on these estimates, we obtain in Section 3
formulas for the transient wave equation that are valid after truncating the high-frequency
components of the elastic fields. These formulas describe the effect of the presence of a small
elastic anomaly in both the near- and far-field. We then investigate in Section 4 the use
of time-reversal for locating the anomaly and detecting its overall geometric and material
parameters via the viscous moment tensor. An optimization problem is also formulated for
reconstructing geometric parameters of the anomaly and its shear modulus from near-field
measurements.

2 Asymptotic expansions

We suppose that an elastic medium occupies the whole space R3. Let the constants A and
u denote the Lamé coefficients of the medium, that are the elastic parameters in absence of
any anomaly. With these constants, £, , denotes the linear elasticity system, namely

Ly pu:=pAu+ (A+p)VV - u. (1)

The traction on a smooth boundary 952 is given by the conormal derivative du/dv associated
with AC)\’#,
ou =~
— = A(V-u)N + pVuN, (2)
v
where N denotes the outward unit normal to 9. Here V denotes the symmetric gradient,
i.e.,

Vu := Vu+ vu’, (3)

where the superscript T' denotes the transpose.
The time-dependent linear elasticity system is given by

ofu—Ly,u=0. (4)
The fundamental solution for the system (4) is given by G = (G;;) where

L 3y =0y YR

L v L %y — 0y
= L0} S 0 Bkl N 5
T 4g rd ¢ ¢ (5)

t i
(2,1) + dra? v T dmu r Vi

T

Here r = |z|,v; = ; /7, = \/A + 2p, 6;; denotes the Kronecker symbol, ¢ denotes the Dirac
delta function, and H?(z,t) is defined by

t ol <t<l
HB(x,t) = « B’ (6)
0 otherwise.

Note that (1/r3) H?(x,t) behaves like 1/r? for times (r/a) <t < (r/3). See [1].



Suppose that there is an elastic anomaly D, given by D = eB + z, which has the elastic
parameters (), ji). Here B is a C2-bounded domain containing the origin, z the location of
the anomaly, and € a small positive parameter representing the order of magnitude of the
anomaly size.

For a given point source g away from the anomaly D and a constant vector a, we consider
the following transient elastic wave problem in the presence of an anomaly:

Ofu— Ly ,u=06-00,—ga in (R*\D)xR,
Ofu— Ly su=0 in DxR,

UI

+—u} =0 on 9D xR, (7)

- 5
8V+ ov
u(z,t)=0 forxeR® andt <0,

=0 on JD xR,

where du/9v and du/Idv denote the conormal derivatives on 9D associated respectively
with £y, and L5 S . Here and throughout this paper the subscripts 4+ denote the limit from
outside and mslde D respectively.

As was observed in [11, 13], the Poisson ratio of human tissues is very close to 1/2,
which amounts to A/u and 5\/ [ being very large. So we seek for a good approximation of
the problem (7) as A and A go to +0c. To this end, let

[ AV:u in (R®\ D)xR,
|l AV-u in DxR.

One can show by modifying a little the argument in [4] that as A and X g0 to 400 with A /A
of order one, the displacement field u can be represented in the form of the following series:

(e, ) = wo(a, ) + (53R \ D) + (D) w .
+ ()\2 x(R3\ D) + /\12 x(D)) ug(x,t) + ...,

p= 1o+ (GXR\ D)+ $x(D) 11 + (B \ D)+ x(D) pa ..

where the leading-order term (ug(z,t), po(z)) is solution to the following homogeneous time-
dependent Stokes system

dfug = V - (ix(D) + px(R*\ D))Vug — Vpy = di—od—ya in R? xR,
V-.ug=0 inR?xR, (8)
ug(z,t) =0 forxr eR® andt < 0.

The inverse problem considered in this paper is to image an anomaly D with shear
modulus i inside a background medium of shear modulus p # fi from near-field or far-field
measurements of the transient elastic wave u(z,t) (approximated by ug(z,t)) that is the
solution to (7) (approximated by (8)).

In order to design an accurate and robust algorithm to detect the anomaly D incorpo-
rating the fact that D is of small size of order €, we will derive an asymptotic expansion of
ug as € — 0. As shown in [2], this scale separation methodology yields to efficient medical
imaging algorithms.



2.1 Layer potentials for the Stokes system

We begin by reviewing some basic facts on layer potentials for the Stokes system, which we
shall use in the next subsection. Relevant derivations or proofs of these facts can be found
in [12] and [4].

We consider the following modified Stokes system:

A+ K?)v —Vq=0,
@ v

Let 9; = 52-. The fundamental tensor I'* = (T3 ;=1 and F = (F1, Fy, F3) to (9) in three

i
dimensions are given by

eV 1|z 1 V=lrlz| _q
I (o) = 25 ° 0,0;°

CAr Jx|  4wk2 || ’
(10)
1 Z;
Fy(z) = —— 21
@) =~ p
If k=0, let
1 /0 @iz,
M (z)=——(2 +222). 11
() 87T(|1’| + \x|3) (11)

Then T'? = (F?j) together with F is the fundamental tensor for the standard Stokes system
given by

Av —Vq =0,
V-v=0.

One can easily see that

(SijFLF

T (x) = T2 () - 677_1 +O(x?) (12)

uniformly in z as long as |z| is bounded.
For a bounded C?-domain D and k > 0, let

Sﬂﬂ@%=l;Fﬂx—ww@Mdm,

Qﬂﬂuwz/‘F@—y»w@de,

oD

r€R? (13)

for ¢ = (1, p2,p3) € L2(0D)3. When k = 0, 8, is the single layer potential for the Stokes
system. It is worth emphasizing that S§[p](z) is a vector while Qp[p](z) is a scalar, and
the pair (S%[¢], @ply]) is a solution to (9).

By abuse of notation, let

Ju =

We define the conormal derivative 9/dn (for the Stokes system) on 9D by

v
. 0N

ov

on q|:|: N

+



for a pair of solutions (v, q) to (9). It is well-known that

ISP el
on

= (:l:%[+ (KH) )] a.e. on oD, (14)

+

where K% is the boundary integral operator defined by

Kblel(z) :== p.v. /BD [81\?@)(1““(90 —y)e(y)) + F(z —y)N(y) - w(y)] do(y) (15)

for almost all z € 9D and (Kf%,)* is the L?-adjoint operator of K"

(05 [el(a) = b [ | S (P = o) + Bl = ) plo)N) | dot. (10

Here p.v. denotes the Cauchy principal value.

Let HY(0D) := {¢ € L?(0D),0¢/0t € L*(0D)}, 8/07 being the tangential derivative.
The operator S, is bounded from L?(9D)? into H'(8D)?3 and invertible in three dimensions.
Moreover, one can see that for x small

IS51%] = Splelllan@py < CrllellL2an) (17)

for all ¢ € L?(0D)3, where C' is independent of x. It is also well-known that the singular
integral operator (K%)* is bounded on L?(9D)3. Similarly to (17), one can see that for
small

1D le] = (Kp) @l 2 (om) < Crllelr2om)
for some constant C' independent of x, which in view of (14) yields

H ASHle) | 9(SHel)
on 4 on

< Oxllellz2ap)- (18)
L2(9D)

+

2.2 Derivation of asymptotic expansions

Recall that 7 is a point source in R3 such that |jj — z| > e. Taking the Fourier transform of
(8) in the t-variable yields

w? 1 1

A+ —)lg— —Vpo = —dz=5 a in R*\ D,
( . p 2 Oo=0 \
w? . 1_ . .
(A+ =)t —=Vpo=0 in D,
M K (19)
ﬁ0\+—ﬁ0\_:0 on 8D,
. . ol _0ug
B N —| —h==| = D
(Pol— — Pol+) treNl PN 0 ondD,
V- ﬁo =0 in RS,
subject to the radiation condition:
po(z) =0 asr=|z| — +oo,
z (20)

1
0,V x g — V12V x Uy =o(=) asr = |z| = +oo uniformly in
Vi r

m7



where g and py denote the Fourier transforms of ug and of pg, respectively. We say that
(g, Po) satisfies the radiation condition if (20) holds.
Let

Up(z,w): =

Sk

ir (z— P, (21)

qo(x) : = F(z —y)-a. (22)

Then the pair (Ug(z,w), go(x)) satisfies

w? - 1 1
A+ —)Uj— —Vijy= —b,—5a inR3
( 1 )Uo 1 do0 P a m (23)

V-Uy=0 inR3.

In view of (19) and (23), it is proper to expect that iy converges to Uy as € tends to
0. We shall derive an asymptotic expansion for gy — Uy as € tends to zero and carefully
estimate the dependence of the remainder on the frequency w.

Let w =19 — UO and introduce

(ﬁO - qAO) in RS \Ea

(Po —Go) in D.

hS]
I
S S

Then the pair (w, p) satisfies

2

(A—l—w—)w—Vp:O in R3\ D,
I
2 1 1 .
(A+ 2w —Vp= (= — =) (@* Ty — Vdo) in D,
fi pooj
wly =Wl =0 on 9D, (24)
ow _ow e
M(afN +—p|+N)—H(afN _—p\—N)—(M—M)aiN on 9D,

V.-w=0,

(w, p) satisfies the radiation condition.

Therefore, we can represent (w,p) as

w(a) = (;f;Wér%ﬁ*wxﬁﬂam—V%@»@+Sﬁmmm oo
SDW [¥] () in R3 \E’
and
- = z—y)- (T - Vg x) in
oo = | G 7 [, e P00 Vi) dy+ Qolelle) mD o
Op[Y](x) in R3 \ D,



where (¢, 1) is the solution to the following system of integral equations

S5 o)) — Sy [)(x) = % -4 /D TV (2 — y)(W*Vo(y) — Vio(y)) dy.

055" [¢] 957 [u] U
bn | @ -] 0= -nGR o
HG - D [ T (= ) Do) = Via(o) dy
~E 1) [ Fl—9)- 2 Toly) = Vi) dy N.

In order to prove the unique solvability of (27), let us make a change of variables: Re-
calling that D is of the form D = eB + z, we put

o(Z) =p(ex 4+ 2), T€0IB, (28)

and define similarly . Then after scaling, (27) takes the form

~88§[¢]‘ . 63;7’7[1;] 5B ic0OB (29)
Fon | on I+ ’
where A = (A1, A, A3) and B = (By, By, Bs) are defined in an obvious way, namely
1 1 €w A~
A@) = ol = 3) [ TRVl +2) - Vil + ) (30)
B
and
- Uy . _
BGE) = i~y 5
; 1) / (@2 0o(ej +2) — Vao(ej +2))dg  (31)
- <§ - 1) [ P §) @Ol +2) - Vi(ei +2)) dy N(z).
D

We emphasize that the normal vector N above is that on 0B.
We may rewrite (29) as

T(.9) = (A, B), (32)
where T is an operator from L?(0B)? x L?(90B)? into H'(0B)3 x L*(0B)? defined by
i Sy” -Sy" %
=, ).
0 e &
a S ﬂanSB ‘+

We then decompose the operator T as

T="To+Te, (33)



where

] Sp -8k b
To(p, ) = ;
~ 8 0 8 0 7
#%SBP *ﬂ%SBH (&
and Tc =T — To. Then by (17) and (18), it follows that
T(@, )| om)xr208) < Cew(||@lL20m) + [1¥]|12(08))- (34)

0 o ; : fit 1 (fitp) 0 V% ;
Note that Sp is invertible, and since |2(H[L—}L)‘ > 3, the operator 72(}1_”)[ + (KE)* is
invertible as well (see [4]). Thus one can see that 7p is also invertible. In fact, one can

readily check that the solution is explicit.
Lemma 2.1 For (f,g) € HY(OB)? x L?(dB)? the solution ((,) = Ty ' (f,g) is given by

P =0+ (S, (%)
b=t (<A gy {a(lu(lco)*)(so)l[ng (36)
il 2a—p) P 20 T |

In view of (33) and (34), one can see that there is ¢g > 0 such that 7 is invertible as
long as ew < eg. Moreover T-1 takes the form

T =T +E, (37)
where the operator F satisfies

IE(f,g)llz20B)xL2aB) < Cew(||fl|m1am) + lIgllL208)) (38)

for some constant C' independent of € and w.
Suppose that ew < ¢y < 1. Let (¢“,¢*) be the solution to (29). Then by (37) we have
(¥*, Jw) = 7671(A7 B) + E(A,B).
In view of (30) we have
Al om) < Ce(w? +1). (39)
On the other hand, according to (31), B can be written as

~ A

B(Z) = (b — p)VUo(z,w)N(Z) + By (1),

where B; satisfies
IB1llz2(om) < Ce(w? +1). (40)

Therefore, we have
(7°9°) = (i = w75 (0.V00(z,w)N) + 5/ (A,B1) + E(A,B).  (41)
Because of (38), (39), and (40), the last two terms in the above equation are error terms

satisfying
175 (A, B1) + E(A,B)||12(0B)x 12(08) < Ce(w® + 1).



We also need to derive asymptotic expansions for aa% and 88%. By differentiating both
sides of (29) with respect to w, we obtain

ew
7

S @ -5 (2@ = 22D [ D gy

Oow Ow Ow B Ow
O oo
+ [ G- piwiew 2)
aB oW
and
S0 0P| 0 o) L OB(E)
"o S5 {aw} _(:c) uan‘SB {aw} +(~T)* 9w
a 8 ew cw -
- — T Vi(s — )% (4 ~ v O pa e -
o /a T (& — )¢ (g)do(9) + 5~ Bk (7 — §)0°(H)do(y)  (43)
on 0B.

Straightforward computations using (10) and (30) show that the right-hand side of the
equality in (42) is of order e(w + 1) in the H'(9B)-norm. We can also show using (31) that
9G4 is also of order €(w+ 1) in the L?(dB)-norm. Thus, using the same argument as before,

ow
we readily obtain
0g" @ — (i 1 ( e,900
(S = (- W)y (o, VD w>N> +Olelw +1)) (1)

where the equality holds in L?(0B)3 x L*(0B)3.
In view of (41) and (44), applying Lemma 2.1 (with f = 0) yields the following result.

Proposition 2.2 Let (3%, 4%) be the solution to (29). There exists ¢y > 0 such that if
ew < €q, then the following asymptotic expansions hold:

oo (MI " (’COB)*>1 V0o (2, w)N] + O(e(w® + 1)), (45)
o = (5((5”5))1 + (’COB)*) h [VUo(z,w)N] + O(e(w? + 1)), (46)
and
aaiJ - (;((5 = 5)) I+ <’C%>*> ) 19 - Doz )N + Ofelio + 1), (47)
aaw;w _ (;((5j5)) I+ (K%)*) - [@%fjo(z, w)N] + O(e(w + 1)), (48)

where all the equalities hold in L*(0B).

We are now ready to derive the inner expansion for w. Let 2 be a domain containing D
and let @ = 10 — 2. After a change of variables, (25) and (26) take the forms:

~ e - i) [ TG = ) O(ei + 2)  Vi(ei+ 2)) di
w(el + z,w) = +eSY [¢¥)(%) in B, (49)

Sy [0°)(#) in R\ B,



and

1 1 N
6(; - ﬁ) F(& —§) - (wUqlef + 2) — Vio(ej + 2)) dj
- B
p(ex + z,w) = 1eQp(3*)(7) in B,
eQpld¥)(3) in R\ B
Since .
|85 (2] — S%WW]HHl(aB) < Cew||e¥|lL2am),
we have
_ eSpP“)(E) + O(E(w® + 1)), T€B,
w(el + z,w) = ~ ~
eSEU9)(7) + O(E(w+1)), 7€Q\B.
It then follows from (45) and (46) that

(f1 + 1)
2( — )

w(ek + z,w) = eS% (—

for 7 € Q.
On the other hand, we have

NG
ow ow
o (ET2wW) = oo [0
B ow

Therefore, from (47) and (48) we obtain that

(&) +O(e),

~ —1
O (5 4 2, w) — S5, (- itp) (/c%)*) [ﬁaaw

Sy [&;w] (#) + O(Ew+1)), FeB,

7€ Q\B.

-1

Ow 2(7—p)
for ¥ € Q.
Let
V(@) = 83 (-5l T+ (B)) [FOn(eN]@)
o (A4 p)
)= 0 (=35

It is easy to check that (v, q) is the solution to
pAv —Vqg=0 in R\ B,
GAv —Vg=0 in B,
vl —v|+ =0 ondB,
ov
~ (N — p—>
(4N = py)

ov
(N — i) =
ON "
V.v=0 inR3
v(Z) = 0 as |Z]| = +o0,

q(Z) - 0 as || = +oo.

10

I+ (K%)*) ) [VUo(z, w)N|(Z).

A~ A

= (i — pu)VUy(z,w)N on 0B,

-1
I+(IC%)*> [VUo(z,w)N](Z) + O(E(w?+ 1))  (51)

Uo(2,w)N|(#) + O((w + 1)) (52)

(53)



We finally obtain the following theorem from (51) and (52).

Theorem 2.3 Let ) be a small region containing D and let

R(z,w) = ap(z,w) — Up(z,w) — ev (.13—2) , x el (54)
€
There exists eg > 0 such that if ew < €g, then
R(z,w) = O((w? +1)), V.R(z,w)=0(e(w?+1)), zcQ. (55)
Moreover,
OR P OR B
8—w(x,w) =0(e“(w+1)), V, <8w> (,w) =0(e(w+1)), =€ (56)

Note that the estimates for V, R in (55) and V,(%2) in (56) can be derived using (49).
We now derive the outer expansion of ug. To this end, let us first recall the notion of
the viscous moment tensor (VMT) from [4]. Let (vge,p), for k,£ =1,2,3, be the solution to
pAvVE —Vp=0 inR*\ B,
ﬂAvke - Vp =0 in B,

Vie|— — Viel+ =0 on 0B,
(N_~M) ~ (pN — M) —0 ondB
p H ON p H ON = 0 >

- i (57)
V'VMZO inR3,

3
- d - . -
Vie(Z) — Trep + % E Fje; = O0(#|7?) as |#] = +oo,
=1

p(%) = 0(]2]73) as || — +oo.

Here (e1,es,e3) is the standard basis of R3.
The VMT V([L,,u, B) = (Vijke)i,j,k,ézl,2,3 is defined by

Ve (fi g, B) = (i — M)/va(f) . V(ie;) di, (58)

where : denotes the contraction of two matrices, i.e., A: B = Z?jzl @;i;bsj.
Since (tg — ﬂo,ﬁo — §p) satisfies
2

W . - 1 N R . P
(A+ ;)(uo —Up) - ;V(po —Go)=0 inR3\D,
wr o I, . 11\ R B
(A + =—)(ay — Ug) = = V(o — o) = w? ( - ~> g — ( — ~> Vpo in D,
[ [ T T
(o — UO)‘Jr — (i — Uo)|7 =0 ondD, (59)
1 . R 0 . .
—;(po—QO)|+N+a—N(uO—Uo)}+
o ].A R 8 “ ~ ﬂ—uaﬁo
= ;(Po QO)|_N+87N(110 Uo)|_+T8—N_ on 0D,
V~(ﬁ0—fj0):0 inR3,

11



together with the radiation condition, the integration of the first equation in (59) against
the Green’s function I'V# (z,y) over y € R®\ D and the divergence theorem give us the

following representation formula
A . i s
=U ——1 rve d
f0(w) = Vo) + (5 =1) [ T @) 5| Wity
1 1 w_ R - N
(=2 [ TE Vi) dy+ PG - 3 [ T @) (©0)
Ko mJp rmJp
It follows from the inner expansion in Theorem 2.3 that, for y € 9D
ouy 0U, ov (y—=z
=0 = 1
0w =) + e (V) 0t (61)

Z) LO1).  (62)

and, for z € D,
o
Vio(z) = pAlg + w g = Z(Av) (

=)o = v (

€

Since 5
- Uo N 2 N
u/ o —/Vp(y)dy=—w/U(y)dy,
ap ON | _ D 0 D ’
we obtain that for x far away from z, the following outer expansion holds:
[ ov
(f)) §ido(€)

ouU
/ <8No(z) toN|_

=

3 w
Vi

Ug(z) — € Z azrejf (z,2) {<M

1
ﬁ - / 9;q(£)& d£:|e€7
where 0; Fejf (J: z) is the differentiation with respect to the x variable and (—1‘\’1) is the j-th

which we may further simplify as follows

component of 2 N

(9 — Ug)(x)

3
[8I‘fxz /avz )4 0iv; (€) 4+ 0;U0i(2) + 8;Ug;(2) d€ | ey
(63)

~ —¢€
1,7,0=1
Here v; denotes the j-th component of v
Since
3 A
= Z 94U0(2)pvpq(§) — VUo(2)§ (64)
p,q=1
we have
(o — Up)(x)

. - . (65)
0T (2.209,00(2), | 0,0u)i(€) + (v (6) e

_63(E —-1) Z

B iibpa=t
We have the following theorem for the outer expansion

12
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Theorem 2.4 Let ' be a compact region away from D, namely dist(Q',D) > C > 0 for
some constant C, and let

N €3

3 L A
R(z,w) = tg(z,w) — Ug(z,w) + — Z V,»jkl@iFe‘jm (x,2)0,Uqg(2)pes. (66)

1,5,p,q,4=1

There exists eg > 0 such that if ew < €g, then

R(z,w) = O(e*(w® + 1)), zec. (67)
Moreover,

OR 4/ 2 /

a—w(x,w) =0(e*(w”+1)), ze. (68)

3 Far- and near-field asymptotic formulas in the tran-
sient regime

Recall that the inverse Fourier transform, Uy, of Uy satisfies

(02 — pA)YUg(z,t) — VF = 0,—5061—0a in R3 x R,
V.Uy=0 inR3xR,
Uy(z,t) =0 for z€R?® andt<0.

For p > 0, we define the operator P, on tempered distributions by
R0 = [ e T w) do, (69)
lw|<p

where z@ denotes the Fourier transform of ¢. The operator P, truncates the high-frequency

component of .
One can easily show that P,[Uy] satisfies

(at2 - A)PP[UO](xat) - VPP[F}(‘r - y) = 61:Q¢p(t)a in R? x R,
V. P,[Ug] =0 inR3xR,

where

2sin pt TTw
P,(t) == . P :/ e 1wt .
lw|<p

The purpose of this section is to derive and asymptotic expansions for P,[ug — Ug|(z, t).
For doing so, we observe that

P, [uo) (e, 1) = /| § e~V Tty (2, ) oo, (71)

where Qg is the solution to (19). Therefore, according to Theorem 2.3, we have

3
Pylug — Uol(x, 1) — € > 9y Pp[Uo](2, t)p[Vpg (@) — wpeq] = / ; e VT Rz, w)dw.

p,q=1
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Suppose that [t| > ¢ for some positive number ¢q (¢ is of order the distance between § and
z). Then, integrating by parts gives

‘/ e VIR (2, w)dw
w|<p

1/ d e VI R(z, w)dw
t lw|<p dw

i (RG.o)l + 1R~ + [

lw|<p

0
wR(m,w)‘ dw

=il
< Ce*p?.

Thus we arrive at the following theorem.
Theorem 3.1 Suppose that p = O(e™®) for some a < % Then
3
Pplug = Uol(z,t) = e Z 94P,[U0](2,t)p[Vpe () — mpeq] + 0(52(1_a))-
p,q=1

We now derive a far-field asymptotic expansion for P,[ug — Up]. Let Goo(z,y,t) be the

inverse Fourier transform of I‘ﬁ(x,y). Note that G is the limit of G given by (5) as
a — +o0. It then follows that

By [Gocl (5. ) = / VAT (1, ) deo

lwl<p

B 13’)@’)@7 _r 1 ViYj — Oij dij
- 20 o) = gyl = 22| - B - ).

where ¢,(t) fo (UNE))
From Theorem 2. 4 we get

/< _‘ﬁ‘”t(uo(x w) — ﬂo(x,w)) dw

e = 5 = -
:——/ . e~V lwt Z Viquaife‘f(z,z)aqUo(z)peg dw
p

i,J,p,q,6=1

+ / e VIR (2, w) dw,
lw|<p

where the remainder is estimated by

/ e VIR (2, w) dw = 0(64(1_%0‘)).
lw|<p
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Since

3 w
/| TS Vil ()0, Ual) e | d
w|<p

1,5,p,q,¢=1
3 N .
_ u—l/ v/t S Vi (2, 2)0, 0y (2, Parer | dw
lwl<p 1,5,p,q,k,£=1
3
- / Z Vijpa0iPplGoolej (@, 2,1 — T)0g Pp| Goslpr (2, §, T)arey | dr,
R\ i jp.a.ke=1

the following theorem holds.
Theorem 3.2 Let Up(z,w) := il"%(x — §)a. Suppose that p = O(e™®) for some a < 3.
Then for |x — z| > C > 0, the following far-field expansion holds
Pylug — Uol(z,1)
. 3
- — 5 / Z ‘/iquaipp[Goo]éj (l’, 2, t— T)aqPP[GOO]Pk(Za 2?7 T)a’keé dr (73)
R \ijp.ak =1

+O(* =5y,

Note that if we plug (72) in the far-field formula (73) then we can see that, unlike the
acoustic case investigated in [3], the perturbation P,[uy — Ug|(z,t) can be seen not only as
a polarized wave emitted from the anomaly but it contains, because of the term (1/1%)¢,(t)
in (72), a near fieldlike term which does not propagate.

4 Asymptotic imaging

4.1 Far-field imaging: time-reversal

We present a time-reversal technique for detecting the location z of the anomaly from mea-
surements of the perturbations at x away from the location z. As in the acoustic case,
the main idea is to take advantage of the reversibility of the elastic wave equation in a
non-viscous medium in order to back-propagate signals to the sources that emitted them
[5, 10].

Let S be a sphere englobing the anomaly D. Consider, for simplicity, the harmonic
regime, we get

&
&

/ Pgnﬁ (z, 2)TVF (2,y) —I‘;ﬁ(%z)agrjﬁ(%y)] do(z) = 2¢/=13mL V7 (y, 2),
s

for y € €, and therefore, for w(z) := Gg(z,w) — Ug(z,w), it follows that
ﬁ

/S[g‘;lv(xw)f‘;ﬁ(x,z)—w(w,w)aan (x,z):| do(x)

=2 \% _I%VGO('Za w)V(,&, H, B)v %mr%(ya Z) + 0(64603),
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ifw>1.

This shows that the anti-derivative of time-reversal perturbation focuses on the location
of the anomaly with an anisotropic focal spot. Because of the structure of the Green function
T'V# (y, z), time-reversing the perturbation gives birth to a near fieldlike effect. Moreover, the
diffraction limit depends on the direction. It is, unlike the acoustic case, anisotropic. These
interesting findings were experimentally observed and first reported in [9]. Our asymptotic
formula (73) clearly explains them.

4.2 Near-field imaging: optimization approach

Set © to be a window containing the anomaly D. Theorem 3.1 suggests to reconstruct
the shape and the shear modulus of the elastic inclusion D by minimizing the following
functional:

T+AT 3
/ 1Pyfuo — Uo)(w, ) — € 3 03Py (U] (2 )y Vpa () — mpeql (e,
T—AT Pyt

where T' = |y — z|/,/jt is the arrival time and AT is a window time. One can add a total
variation regularization term.

The choice of the space and time window sizes are critical. If they are too large, then noisy
images are obtained. If they are too small, then resolution is poor. The optimal window
sizes are related to the signal-to-noise ratio of the recorded near-field measurements. They
express the trade-off between resolution and stability. This will be the subject of a next

paper.

5 Conclusion

In this paper we have rigorously establish asymptotic expansions of near- and far-field mea-
surements of the transient elastic wave induced by a small elastic anomaly. We have proved
that, after truncation of the high-frequency component, the perturbation due to the anomaly
can be seen not only as a polarized wave emitted from the anomaly but it contains unlike the
acoustic case a near fieldlike term which does not propagate. We have also shown that time-
reversing this perturbation gives birth to a near fieldlike effect. Moreover, the diffraction
limit is anisotropic. We have then explained the experimental findings reported in [9].

In this paper we have only considered a purely quasi-incompressible elasticity model. In
a forthcoming work, we will consider the problem of reconstructing a small anomaly in a
viscoelastic medium from wavefield measurements. Expressing the ideal elastic field without
any viscous effect in terms of the measured field in a viscous medium, we will generalize the
methods described here to recover the viscoelastic and geometric properties of an anomaly
from wavefield measurements.
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