
Geometry and Arithmetic on
Siegel-Jacobi Space

양 재 현 (梁在賢)
Jae-Hyun Yang

Inha University 

December 5, 2013 (Thu) 11:30 ~ 12:30

NIMS, Daejeon, Korea

1



Contents

1. The Jacobi Group
2. Invariant Metrics on Siegel-

Jacobi Space

3. Invariant Differential Operators
4. The Partial Cayley transform
5. Invariant Metrics on Siegel-

Jacobi Disk

2



6. A Fundamental domain for

Siegel-Jacobi Space

7. The Canonical Automorphic

Factor for Jacobi Group

8. Singular Jacobi Forms

9. The Siegel-Jacobi Operator

10. Construction of Modular Forms

from Jacobi Forms

3



11. Maass-Jacobi Forms

12. The Schrödinger-Weil 

Representation

13. Open Problems

4



1. The Jacobi Group
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• Jacobi group and Siegel-Jacobi space
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2. Invariant Metrics on
Siegel-Jacobi Space

- Siegel Metric (1943, AJM)

- Laplacian of Siegel Metric  

Hans Maass (1953, Math. Ann.)
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- Invariant Metric (J.-H. Yang: 2007, JNT)

- Laplacian (J.-H. Yang: 2007, JNT)
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Problem 1. (a) Find an explicit geodesic

(2) Compute the distance between two       

points explicitly

(3) Compute the sectional curvature

Problem 2. Develop the spectral theory of

the Laplacian for an arithmetic subgroup of

the Siegel-Jacobi modular group
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Remark: In the case that n=m=A=B=1, Erik

Balslev developed the spectral theory for

And and And he also showed

that the set of all eigenvalues of the Laplacian

satisfies the Weyl law for the above special

arithmetic subgroups [2012].
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3. Invariant Differential Operators 

Let - be the algebra of all invariant
differential operators on the S-J space.     

Problem 1. Find a list of generators of
Is            finitely generators ?

Problem 2. Find all the relations among a
given list of generators of 

Problem 3. Find the center of 
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acts on        

Then it induces naturally the action of

on the polynomial algebra  

Let               be the K-invariants of          

Then we have the natural canonical linear

bijection
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Problem 4. Find a list of generators of

Is              finitely generated ?

Problem 5. Find all the relations among a

given list of generators of 

Problem 6. Are the images of a given list of 
generators              under         a list of 
generators of          ?
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Remarks:

(1) Problem 4 and Problem 5 were solved :

M. Itoh, H. Ochiai and J.-H. Yang

Invariant Differential Operators on

Siegel-Jacobi Space [2013]

(2) In the case that n=m=1, all the above

problems were completely solved by Itoh,

Ochiai and Yang in the same paper                
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4. The Partial Cayley Transform
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5. Invariant Metrics on
Siegel-Jacobi Disk

[1] Siegel Metric

[2] Laplacian of Siegel Metric (H. Maass)
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Problem 1. Develop the theory of harmonic

analysis on Siegel-Jacobi disk. [Remark :

The theory of harmonic analysis on the unit

disk of complex dimension one explicitly

around the 1970s by S. Helgason]

Problem 2. Develop the theory of harmonic

analysis on the quotient of Siegel-Jacobi disk

by an arithmetic subgroup of the Siegel-
Jacobi modular group.   
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6. A Fundamental Domain for
Siegel-Jacobi Space 
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7. The Canonical Automorphic
factor for Jacobi Group
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8. Singular Jacobi Forms
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9. The Siegel-Jacobi Operator

30



31



Remarks : (a) We can define the concept of

stable Jacobi forms using the Siegel-Jacobi

operator. The stability of Jacobi forms yields

the study of representations of an infinite

dimensional symplectic group, an inf. dim.

unitary group, an inf. dim. Jacobi group and

that of an inf. dim. universal abelian variety. 

(b) We may investigate the injectivity and the

surjectivity of the Siegel-Jacobi operator.
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10. Construction of Modular         
forms from Jacobi Forms
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Remarks : (a) D. Mumford, M. Nori and

P. Norman (1991: Tata Lecture III) proved

the similar result for theta functions. The

above theorem is a generalization of their

result because theta functions are special 

Examples of Jacobi forms.

(b) Applying the ideas of the proof of the

Above theorem to Eisenstein series and 

theta functions, I obtained interesting

identities. 
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11. Maass-Jacobi Forms
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12. The Schrödinger-Weil 
Representation 
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13. Open Problems
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Many Thanks !!!
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