INVARIANT DIFFERENTIAL OPERATORS ON
SIEGEL-JACOBI SPACE

JAE-HYUN YANG

ABSTRACT. For two positive integers m and n, we let H,, be the Siegel upper half
plane of degree n and let C™™) be the set of all m x n complex matrices. In this
article, we study differential operators on the Siegel-Jacobi space H,, x C(™™ that
are invariant under the natural action of the Jacobi group Sp(n,R) x Hﬂ({"’m) on

H,, x C™m") where Hﬂ(gn’m) denotes the Heisenberg group. We give some explicit
invariant differential operators. We present important problems which are natural.
We give some partial solutions for these natural problems.

1. Introduction
For a given fixed positive integer n, we let
H,={QeC™| Q=" ImQ>0}
be the Siegel upper half plane of degree n and let
Sp(n,R) = {M e R®" | ‘M J.M = J, }

be the symplectic group of degree n, where F*!) denotes the set of all k& x [ matrices
with entries in a commutative ring F for two positive integers k and [, 'M denotes
the transpose matrix of a matrix M and

0o I,
(5

Sp(n,R) acts on H,, transitively by
(1.1) M-Q=(AQ+ B)(CQ+ D)™,

A B
where M = (C’ D) € Sp(n,R) and Q € H,,.
For two positive integers m and n, we consider the Heisenberg group

Hﬂ({n»m) _ { A k)| A e R o e R™W™ 4 1 t\ symmetric }
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endowed with the following multiplication law
(M) o (N psw) = A+ XN, p+ s m+ 5+ X0 — ')
with (X, g5 5), (N, s v') € Hﬂg{n’m). We define the semidirect product of Sp(n,R) and
HY™
G’ = Sp(n,R) x Hﬂ({”’m)
endowed with the following multiplication law
(M, (N s ) - (M, (N 15 67)) = (MM, (N N, i+ iy w+ 8+ XN = a'\))

with M, M" € Sp(n,R), (\, ; k), (N, 1/ K') € H]}(@"’m) and (X, 1) = (\, p)M’. Then G’
acts on H,, x C™™ transitively by

(1.2) (M, (A 15 1)) - (2, 2) = (M- Q,(Z + 22+ 1) (€2 + D)),
A B () )
where M = { ~ ) € Sp(n,R), (A, p;k) € Hg™™ and (Q,2) € H, x C™". We

note that the Jacobi group G” is not a reductive Lie group and that the homogeneous
space H,, x C™™ is not a symmetric space. We refer to [1, 6, 22, 23, 24, 25, 27, 28,
29, 30, 31] about automorphic forms on G’ and topics related to the content of this
paper. From now on, for brevity we write H, ,,, = H, x C™™)_called the Siegel-Jacobi
space of degree n and index m.

The aim of this paper is to study differential operators on H, ,, which are invari-
ant under the natural action (1.2) of G’. The study of these invariant differential
operators on the Siegel-Jacobi space H, ,, is interesting and important in the aspects
of invariant theory, arithmetic and geometry. This article is organized as follows. In
Section 2, we review differential operators on H, invariant under the action (1.1) of
Sp(n,R). We let D(H,) denote the algebra of all differential operators on H,, that are
invariant under the action (1.1). According to the work of Harish-Chandra [7, 8], we
see that D(H,) is a commutative algebra which is isomorphic to the center of the uni-
versal enveloping algebra of the complexification of the Lie algebra of Sp(n,R). We
briefly describe the work of Maass [14] about constructing explicit algebraically inde-
pendent generators of D(H,,) and Shimura’s construction [18] of canonically defined
algebraically independent generators of D(H,). In Section 3, we study differential
operators on H,,, invariant under the action (1.2) of G’. For two positive integers
m and n, we let

Tom = { (w, Z) | w=twe C(n,n)’ » e Clmn) }

be the complex vector space of dimension @ + mn. From the adjoint action of

the Jacobi group G, we have the natural action of the unitary group U(n) on T, ,
given by

(1.3) - (w,2) = (uw'u,z'u), uwelU(n), (w,z) € Thm.
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The action (1.3) of U(n) induces canonically the representation 7 of U(n) on the
polynomial algebra Pol(7},,,) consisting of complex valued polynomial functions on
T,.m- Let Pol(T, n’m)U(”) denote the subalgebra of Pol(7},,,) consisting of all polyno-
mials on 7, ,,, invariant under the representation 7 of U(n), and D(H,, ,,) denote the
algebra of all differential operators on H, ,, invariant under the action (1.2) of G7. We
see that there is a canonically defined linear bijection of Pol(T}, ,,,)Y™ onto D(H,,,,)
which is not multiplicative. We will see that D(H,, ,,) is not commutative. The main
important problem is to find explicit generators of Pol(T},,,)Y™ and explicit gener-
ators of D(H,,,,,). We propose several natural problems. We want to mention that
at this moment it is quite complicated and difficult to find the explicit generators of
D(H, ) and to express invariant differential operators on H,, ,, explicitly. In Section
4, we gives some examples of explicit G’-invariant differential operators on H,, ,,, that
are obtained by complicated calculations. In Section 5, we deal with the special case
n =m = 1 in detail. We give complete solutions of the problems that are proposed in
Section 3. In Section 6, we deal with the case that n = 1 and m is arbitrary. We give
some partial solutions for the problems proposed in Section 3. In the final section,
using these invariant differential operators on the Siegel-Jacobi space, we discuss a
notion of Maass-Jacobi forms.

Acknowledgements: This work was in part done during my stay at the Max-Planck-
Institut fiir Mathematik in Bonn. I am very grateful for the hospitality and financial
support. I also thank the National Research Foundation of Korea for its financial
support. Finally I would like to give my hearty thanks to Don Zagier, Eberhard
Freitag, Rainer Weissauer, Hiroyuki Ochiai and Minoru Itoh for their interests in this
work and fruitful discussions.

Notations: We denote by Q, R and C the field of rational numbers, the field of
real numbers and the field of complex numbers respectively. We denote by Z and Z*
the ring of integers and the set of all positive integers respectively. The symbol “:="
means that the expression on the right is the definition of that on the left. For two
positive integers k and [, F*! denotes the set of all k£ x | matrices with entries in a
commutative ring F. For a square matrix A € F®K of degree k, tr(A) denotes the
trace of A. For any M € F®*) '\ denotes the transpose matrix of M. I, denotes
the identity matrix of degree n. For A € F*) and B € F*F  we set B[A] = 'ABA.
For a complex matrix A, A denotes the complex conjugate of A. For A € C*Y and
B € C** we use the abbreviation B{A} = 'ABA. For a positive integer n, I,
denotes the identity matrix of degree n. For a complex number z, |z| denotes the
absolute value of z. For a complex number z, Re z and Im z denote the real part of
z and the imaginary part of z respectively.
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2. Invariant Differential Operators on the Siegel Space

For a coordinate 2 = (w;;) € H,,, we write Q@ = X +4Y with X = (z;5), Y = (v;5)
real. We put df) = (dwzj) and dQ) = (dwij). We also put

(9__ 1—|—5U8_ and 8__ 1+5z] 0

Then for a positive real number A,

(2.1) ds?,, = Atr (Y—ldQ Y‘1d§>

is a Sp(n,R)-invariant Kéhler metric on H,, (cf.[19, 20]), where tr(M) denotes the
trace of a square matrix M. H. Maass [13] proved that the Laplacian of ds?,. , is given
by

4 ., 0\ 0

And
v, (Q) = (det Y)"0 ) TT day []  dus

1<i<j<n 1<i<j<n

is a Sp(n,R)-invariant volume element on H,, (cf. [20, p. 130]).

For brevity, we write G = Sp(n,R). The isotropy subgroup K at il, for the action
(1.1) is a maximal compact subgroup given by

B A

Let € be the Lie algebra of K. Then the Lie algebra g of G has a Cartan decomposition
g =t Pp, where

X X nn
o= {(X; _t)jfl) | X1, X, X € RO, X, = X5, Xy = txg},

X =Y
(2n,2n)

o X Y ot _t (n,n)
p_{<Y _X)‘X_ X, Y =1, X,Y eRO™ L.

The subspace p of g may be regarded as the tangent space of H,, at i[,,. The adjoint
representation of G on g induces the action of K on p given by
(2.3) k-Z=kZ'%, keK,Zep.

Let T;, be the vector space of n xn symmetric complex matrices. Welet ¥ : p — T,,
be the map defined by

(2.4) \I,(()Y( _§)>:X+z'Y, (*;( _};(>ep.

K= {<A _B> ‘ A'A+B'B=1, A'B=B'A A,BeRW")}.

IX 4+ X =0, Y:tY},
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We let 6 : K — U(n) be the isomorphism defined by
A -B : A —-B
o (2P -avm (3 P)en

where U(n) denotes the unitary group of degree n. We identify p (resp. K) with T,
(resp. U(n)) through the map ¥ (resp. ). We consider the action of U(n) on T,
defined by

(2.6) h-w= hw'h, heU(n), weT,.

Then the adjoint action (2.3) of K on p is compatible with the action (2.6) of U(n)
on T}, through the map W. Precisely for any k£ € K and Z € p, we get

(2.7) U(kZ'k) =6(k)U(2)"(k).

The action (2.6) induces the action of U(n) on the polynomial algebra Pol(7},) and the
symmetric algebra S(7;,) respectively. We denote by Pol(T,,)V™ <resp. S (Tn)U(”)>

the subalgebra of Pol(T},) (resp. S(T,) > consisting of U(n)-invariants. The following
inner product ( , ) on 7, defined by
(ZW)=t(ZW), ZWEeT,

gives an isomorphism as vector spaces

(2.8) .21, Zw— [z, ZeT,,
where T* denotes the dual space of T;, and fz is the linear functional on 7}, defined
b

' f2(0W) = (W,2), W eT,.
It is known that there is a canonical linear bijection of S(7},)Y™ onto the algebra

D(HL,) of differential operators on H,, invariant under the action (1.1) of G. Identifying
T, with T)¥ by the above isomorphism (2.8), we get a canonical linear bijection

(2.9) 0, : Pol(T;,)Y™ — D(H,,)

of Pol(T;,)V™ onto D(H,,). The map ©,, is described explicitly as follows. Similarly
the action (2.3) induces the action of K on the polynomial algebra Pol(p) and the
symmetric algebra S(p) respectively. Through the map ¥, the subalgebra Pol(p)¥ of
Pol(p) consisting of K-invariants is isomorphic to Pol(7;,)V(™. We put N = n(n+1).
Let {{,] 1 < a < N} be a basis of a real vector space p. If P € Pol(p)¥, then

9 N
() (o) )]

where f € C*(H,). We refer to [9, 10] for more detail. In general, it is hard to
express ®(P) explicitly for a polynomial P € Pol(p)¥.

(2.10) <@n(P)f> (9K) =

According to the work of Harish-Chandra [7, 8], the algebra D(H,,) is generated
by n algebraically independent generators and is isomorphic to the commutative ring
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Clzy, -+, z,) with n indeterminates. We note that n is the real rank of G. Let g¢ be
the complexification of g. It is known that D(H,,) is isomorphic to the center of the
universal enveloping algebra of gc.

Using a classical invariant theory (cf.[11, 21], we can show that Pol(7},)V( is
generated by the following algebraically independent polynomials

(2.11) gj(w) = tr((m)j» weT, j=12---.n

For each j with 1 < j < n, the image O,(g;) of ¢; is an invariant differential
operator on H,, of degree 2j. The algebra D(H,) is generated by n algebraically

independent generators ©,,(q1), ©,(¢2), -+ , O,(¢,). In particular,
t
(2.12) On(q1) = e tr (Y (Yaa_ﬁ> 88_(2> for some constant c;.

We observe that if we take w = x + iy € T, with real z,y, then ¢;(w) = ¢ (z,y) =
tr(2? + y?) and

@(w) = g@x,y) = tr((xz + y2)2 + 23:(9cy — yx)y)

It is a natural question to express the images ©,(¢;) explicitly for j =2,3,--- ,n.
We hope that the images ©,,(¢g;) for j = 2,3,--- ,n are expressed in the form of the
trace as ®(qy).

H. Maass [14] found algebraically independent generators Hy, Ho, - - - , H,, of D(H,).
We will describe Hy, Ho, - - , H, explicitly. For M = <é g) € Sp(n,R) and Q =
X +1Y € H,, with real X, Y, we set

Q.= M-Q= X, + 1Y, with X,,Y, real.

We set
—\ 0 0
A= (-l —aiv
o0 o0
— 0 ., 0
A = (- )L v
08, 08,
Then it is easily seen that
(2.13) K,='CQ+D)"""{(CQ+D)'K},

(2.14) A= HCQ+ D) "H{(CQA+ D)'A}
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and

(2.15) H(CT+ D))y = AYCR 1 D) -

@-a)c

Using Formulas (2.13), (2.14) and (2.15), we can show that

1
(2.16) ALK, + 2

K. = Y(CQ+ D)™ t{(CQJrD) t(AK + ”‘QHK)}.

Therefore we get

. w(ak, + ) = w(ak + k).
(2.17) ALK ; :
We set
1
(2.18) AD = AK + n; K.
We define AW (j =2,3,--- ,n) recursively by
(2.19) A(j) — A(l)A(j—l) _ n+1 AA(j—l) + %Atr(A(j_l))
1 ot o .
+§m—9)ﬁ9—9)”@uw4u}
We set
As mentioned before, Maass proved that Hy, Hs, - - - , H, are algebraically independent

generators of D(H,,).

In fact, we see that

tr o\ o
221 LT S tr( ( a@)a >

is the Laplacian for the invariant metric ds;.; on H,.

Conjecture. For j =2,3,--- ,n, ©,(q;) = ¢; H; for a suitable constant c;.

Example 2.1. We consider the case n = 1. The algebra Pol(T})V™") is generated by
the polynomial
¢(w) =ww, w=uz+ iy € C with z,y real.

Using Formula (2.10), we get

0? 0?
4.2
O1(q) = 4y (8w2 + (?yQ) :

Therefore D(H;) = C[©:(q)] = C[H,].
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Example 2.2. We consider the case n = 2. The algebra Pol(73)Y? is generated by
the polynomial

@(w) = tr(ww), @)= tr((w@)2>, weT,.

Using Formula (2.10), we may express O3(q;) and Os(go) explicitly. ©o(qy) is
expressed by Formula (2.12). The computation of ©5(g2) might be quite tedious. We
leave the detail to the reader. In this case, O(g2) was essentially computed in [4],
Proposition 6. Therefore

D(H,) = C[O2(q1), O2(q2)] = C[Hy, Hy).
In fact, the center of the universal enveloping algebra % (g¢) was computed in [4].

G. Shimura [18] found canonically defined algebraically independent generators
of D(H,,). We will describe his way of constructing those generators roughly. Let
K¢, gc, tc, pe, - - - denote the complexication of K, g, & p, - respectively. Then we
have the Cartan decomposition

gc = c+pe, Pc= P +pc
with the properties

lec,pz] Cpe. [pd,pd] = [pc.pc) = {0}, [pd,pc] = ke,

where

X X n
gC:{(X; _t)?l) ‘X17X27X3EC(7)> X2:tX27 X3:tX3}7

E(C _ {(g _f) c C(Qn,2n)

pc = { (*}X; _};() c C(Zn,Zn)
pz:r — {(ZZZ iZZ> c (C(2n,2n)

_ Z =i n,2n
p(C - {<_ZZ _Z) € (C(2 2n)

For a complex vector space W and a nonnegative integer r, we denote by Pol,.(W)
the vector space of complex-valued homogeneous polynomial functions on W of degree
r. We put

PA+ A =0, B:tB},

X =X, Y—fY},

7 = tZe(CW")},

7 =17 eCrm }

Pol" (W) := Z Pol, (W).

ML, (W) denotes the vector space of all C-multilinear maps of W x - - - x W (r copies)
into C. An element @ of M1,.(W) is called symmetric if

Q(xb e ax’r‘) = Q('xﬂ’(l)7 e axﬂ(r))
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for each permutation 7 of {1,2,--- ,r}. Given P € Pol,.(W), there is a unique element
symmetric element P, of Ml,.(WW) such that
(2.22) P(z) = Pi(x,--- ,x) for all z € W.

Moreover the map P — P, is a C-linear bijection of Pol,(W) onto the set of all
symmetric elements of Ml,.(W). We let S,.(IV) denote the subspace consisting of all
homogeneous elements of degree r in the symmetric algebra S(W). We note that
Pol, (W) and S, (W) are dual to each other with respect to the pairing

(2.23) (o, g+ p) = (g, -+, x,) (x; € W, a € Pol.(W)).

Let p¢ be the dual space of pc, that is, pi. = Pol; (pc). Let {X,--- , Xn} be a basis
of pc and {Y1,---,Yn} be the basis of p{. dual to {X,}, where N = n(n+1). We
note that Pol,(pc) and Pol,(pf) are dual to each other with respect to the pairing

(224) <a7ﬂ>:ZO‘*(Xi1a"' 7Xir>ﬁ*(Y;17“' 7Y;r)7

where a € Pol,.(pc), § € Pol,(pg) and (iy,--- ,4,) runs over {1,--- , N}". Let % (gc)
be the universal enveloping algebra of gc and %P(gc) its subspace spanned by the
elements of the form V; - - - V; with V; € g¢ and s < p. We recall that there is a C-linear
bijection 1 of the symmetric algebra S(gc) of gc onto % (gc) which is characterized
by the property that ¢)(X") = X" for all X € g¢. For each a € Pol,(pf.) we define an
element w(a) of % (gc) by

(2.25) (@) = 3 (Vi Vi) Xiy o X,

where (i1, -+ ,i,) runs over {1,--- | N}". If Y € pc, then Y as an element of Pol,(p§)
is defined by
Y"(u) =Y (u)" for all u € p¢.
Hence (Y7).(u1, -+ yur) = Y(uy) -+ Y (u,). According to (2.25), we see that if a(>_t,Y;) =
P(ty,--- ,ty) for t; € C with a polynomial P, then

(2.26) wla) = B(P(X1, -+, Xx)).

Thus w is a C-linear injection of Pol(pg) into % (gc) independent of the choice of
a basis. We observe that w(Pol,(pg)) = 9 (S,(pc)). It is a well-known fact that if
ag, -, g € Poly(pg), then

(2.27) w(ay - ) —wlam)-w(ay) € % ge).
We have a canonical pairing

(2.28) (, ):Pol.(pt) x Pol.(pe) — C

defined by

(2.29) (f.9) =Y f(Xipo o Xi)gu (Vi Y2,

where f, (resp. g.) are the unique symmetric elements of ML.(pf) (resp. ML, (pg)),
and {X1,---, X5} and {V3,---, Y5} are dual bases of pf and pz with respect to
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the Killing form B(X,Y) = 2(n+ 1) tr(XY), N = @, and (i1, -- ,4,) runs over
(1. NV

The adjoint representation of K¢ on pé induces the representation of K¢ on
Pol,(p%). Given a Kc-irreducible subspace Z of Pol,(p{), we can find a unique
Kc-irreducible subspace W of Pol,(pg) such that Pol,(pg) is the direct sum of W
and the annihilator of Z. Then Z and W are dual with respect to the pairing (2.28).
Take bases {(1,---,(:} of Z and {1, - ,&.} of W that are dual to each other. We
set

(2.30) fz(x,y) =D G &) (v epd, yepg)

It is easily seen that fz belongs to Poly,.(pc)® and is independent of the choice of
dual bases {(,} and {¢, }. Shimura [18] proved that there exists a canonically de-
fined set {Zy,---,Z,} with a Kc-irreducible subspace Z, of Pol.(pf) (1 < r < n)
such that fz,,--- , fz, are algebraically independent generators of Pol(pc)®. We can
identify pd with 7,,. We recall that 7,, denotes the vector space of n x n symmet-
ric complex matrices. We can take Z,. as the subspace of Pol,(T,) spanned by the
functions f,..(Z) = det,(*aZa) for all a € GL(n,C), where det,(z) denotes the de-
terminant of the upper left r x 7 submatrix of z. For every f € Pol(pc)X, we let
Q(f) denote the element of D(H,,) represented by w(f). Then D(H,) is the polyno-
mial ring Clw(fz,), - ,w(fz,)] generated by n algebraically independent elements

w<fZ1)’ e 7w(on)'

3. Invariant Differential Operators on Siegel-Jacobi Space

The stabilizer K7 of G’ at (il,,,0) is given by
K7 — {(k,(0,0;/{)) ‘ keK, k= "'xe R(mm) }

Therefore H,,, = G7/K’ is a homogeneous space of non-reductive type. The Lie
algebra g’ of G” has a decomposition

g’ =¥/ +p’,
where

gJ: {(Z,<P,Q,R>) ‘ ZEQ? P,QGR(TTLJL)’ R = tRER(m’m)},

EJ = {(Xa (OyoyR)) ‘ X & E7 R: tR 6R<m7m) }’

p’ = {(Y, (P,Q,0))| Y €p, P,Q e RI™™ }
Thus the tangent space of the homogeneous space H,, ,,, at (il,,0) is identified with
p’.
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X Y] X Y;
If a = ((le _t)i*l) 7(P17Q1,R1)) and 3 = ((Zj _t)§*2> 7<P27Q27R2)) are
elements of g/, then the Lie bracket [, 3] of a and 3 is given by

(3.1) @, ) = (()Z( _’;) (P, Q*,R*>) ,

where

X" = XiXo — XoXh + Y125 = Yo 2,
Y” X1V — XoY1 + Y3 Xy — V1 'X,
75 = I1Xy— Z,X1 4 Xy 72y — X1 2o,
P* Pi Xy — P Xy + Q122 — Qa2
Q" PYs — PY1 + Q2 X1 — Q1 'Xs,
R* = PQy—P'Qi+ QP —Q\'P

Lemma 3.1.
e/ e/ ce’, ¢ p’] cp’.

Proof. The proof follows immediately from Formula (3.1). O

k7 = ((é _f> ,(o,o,n)) e K’

with (A _B> € K, k= "'k € R™™ gnd

B A
() man) e

with X = 'X, Y =Y e R®_ P Qe R™. Then the adjoint action of K’ on p”’
18 given by

Lemma 3.2. Let

X, Y.
32 aawha = (3 %) e0.0),
where
(3.3) X. = AX'A— (BX'B+BY'A+ AY'B),
(3.4) Y, = (AX'B+AY'A+ BX'A) - BY 'B,
(3.5) P, = PUA-Q'B,
(3.6) Q. = PB+QA

Proof. We leave the proof to the reader. O
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We recall that T}, denotes the vector space of all n x n symmetric complex matrices.
For brevity, we put 1}, ,,, := T}, X C(™n) We define the real linear map ® : p/ — Thm
by

(3.7) @((i/f _§(>,(P,Q,O)):(X+ZY,P+@'Q),

where (if( _};() €pand P,Q € R™n.

Let S(m,R) denote the additive group consisting of all m x m real symmetric
matrices. Now we define the isomorphism 6 : K/ — U(n) x S(m,R) by

(3.8) 0(h,(0,0,5)) = (6(h),x), heK, ke SimR),

where 0 : K — U(n) is the map defined by (2.5). Identifying R(™™ x R(™™) yith
Cl™™) | we can identify p’ with T, x C™™).

Theorem 3.1. The adjoint representation of K7 on p” is compatible with the natural
action of U(n) x S(m,R) on T, ., defined by

(3.9)  (h,K) - (w,2) = (hw'h, 2'h), heU(n), ke S(m,R), (w,2) € Thm

through the maps ® and 0. Precisely, if k/ € K’ and o € p”’, then we have the
following equality

(3.10) D(Ad(k” )a) = 0(k) - B(a).

Here we regard the complex vector space T, ., as a real vector space.

k7 = ((é _f> ,(0,0,n)) e K’

with (A _B) € K, k= tx € R0™™ and

B A
o= ((¥ %) meo)er

with X = X, Y = Y e R®™ P ,Q € R"™™ . Then we have

Proof. Let

0(k") - ®(a) = (A+iB, k) (X +iY, P +1iQ)
= ((A+iB)(X +4Y)"(A+iB), (P +iQ)(A+iB))
(X, +iYs, P+ iQ,)

o((F )

= @(Ad(k‘])a> (by Lemma 3.2),
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where X,,Y,, Z, and @, are given by the formulas (3.3), (3.4), (3.5) and (3.6) respec-
tively. 0

We now study the algebra D(H, ,,) of all differential operators on H, ,, invariant
under the natural action (1.2) of G’. The action (3.9) induces the action of U(n) on
the polynomial algebra Pol,, ,, := Pol (T}, ,,). We denote by Polg, (,Z) the subalgebra of
Pol,, ,,, consisting of all U(n)-invariants. Similarly the action (3.2) of K induces the
action of K on the polynomial algebra Pol(pJ ) We see that through the identification
of p’ with T, ,,,, the algebra Pol(p”) is isomorphic to Pol,,,. The following U(n)-
invariant inner product ( , ). of the complex vector space T, ,, defined by

(w,2), (W, 7)), =tr(ww) +tr(2%2"), (w,2), (W,2") € Tum
gives a canonical isomorphism

Tn,m = y (w> Z) = fw,za (wu Z) € Tn,m7

n,m?

where f,, . is the linear functional on T, ,,, defined by
fw,z((w',z’)) = ((w’,z'), (w,z))*, (W', 2") € T

According to Helgason ([10], p. 287), one gets a canonical linear bijection of S(75, ,,)
onto D(HL, ). Identifying T}, ,, with T}y by the above isomorphism, one gets a nat-
ural linear bijection

U(n)

Opym © Poll ™ — D(H, )
of Polg (m”) onto D(H,, ,,,). The map O, ,, is described explicitly as follows. We put
N, = n(n+1) 4 2mn. Let {na| 1 < a < N, } be a basis of p’. If P € Pol(p’)" =

PolV(™ then
B Vs
J
P (6_ta) f <g€Xp <Z tozﬁa) K )] y
a=1 (ta)=0

where g € G’ and f € C*°(H,,,). In general, it is hard to express O, ,,(P) explicitly
for a polynomial P € Pol(pJ)K. We refer to [10], p. 287.

(311 (Oun(P)f)(9K7) =

U(n)

We present the following basic U(n)-invariant polynomials in Pol, 7.

3.12) ¢i(w, z) = tr((ww)’™), 0<j<n—1,

(

(313)  af)(w,2) = Re(z2(@w) '), 0<j<n—1,1<k<p<m,
(B14) B2 =Im(:@)3),, 0<j<n-1,1<l<g<m,
(315)  f(w.2) = Re(z(@w)@%)y, 0<j<n—1, 1<k<p<m,
(316) gl (w.2) =Im(z @YD)y 0<j<n—11<k<p<m,

where w € T, and z € Cm™™),
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We present some interesting U(n)-invariants. For an m x m matrix S, we define
the following invariant polynomials in Polgj(m”):

(3.17) m{}(w, z) = Re (tr(ww+ 1257 ) ) 1<j<n,
(3.18) m(w,2) = m (tr(wm + 282)" ), 1<j<n,
(3.19) ¢\)(w, 2) = Re <tr((tz52)k)>, 1<k <m,

(3.20) ¢A(w, 2) = 1m< (1257 ’ﬂ)), 1<k<m,

(3.21) 6 o(w,2) = Re( (W) (*2 S 2 (Wi + tzSE)j)>,
(3.22) 62 o(w,2) = Tm (tr((ww)’( 2 S7)F (Wi + fzsw‘)),

where 1 <i,5 <nand 1 <k <m.
We define the following U(n)-invariant polynomials in POIZ%).
(3.23) Tﬁ)(w, z) = Re <det((ww)j (tzi)k)>, 1<j<n, 1<k<m,

(3.24) r(w,2) = T (det (@) (22)")), 1<j<n 1<k<m,

We propose the following natural problems.
Problem 1. Find a complete list of explicit generators of PolU(” .
Problem 2. Find all the relations among a set of generators of Polg(ﬁ).

Problem 3. Find an easy or effectlve way to express the images of the above invariant
polynomials or generators of Pol ") under the Helgason map O, m explicitly.

Problem 4. Decompose Pol,, ,,, into U(n)-irreducibles.

Problem 5. Find a complete list of explicit generators of the algebra D(H, ,,). Or
construct explicit G7-invariant differential operators on H,, .

Problem 6. Find all the relations among a set of generators of D(H,, ,, ).

Problem 7. Is Pol,[{, (m”) finitely generated 7 Is D(H,,,,) finitely generated ?

Quite recently Minoru Itoh [12] solved Problem 1 and Problem 7.

Theorem 3.2. Polgﬁ;‘) is generated by

¢j(w, 2), Oz,i];(w z), ﬂl(;)(w,z), f,gj)(w,z) and g,(ci)(w,z),

where 0 < j<n—1, 1<k<p<mand 1<[I<qg<m.
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4. Examples of Explicit G/-Invariant Differential Operators

In this section we give examples of explicit G”-invariant differential operators on
the Siegel-Jacobi space and the Siegel-Jacobi disk.

A B

For g = (M, (X, pi;/)) € G’ with M = (C D

we set

) € Sp(n,R) and (Q,72) € H,n,

Q, = M-Q=X,+1Y,, X.Y, real
Z, = (Z+M0+w)(CQ+D) = U, +iV,, U,V, real

For a coordinate (€2, Z) € H,, ,,, with Q = (w,,,) and Z = (2x), we put d€2, s, a%, %
as before and set

Z = U+1iV, U= (uy), V = (uvy) real,

dz = (del), dZ = (dzkl),
o] el o]
B 32'11 T 825.”11 B 35.11 T 3E.m1
—_— = : : 5 r—a— N
0Z o] el 07z o] o]
aZln U Ozmn 621n e OZmn

Then we can show that

(4.1) dQ, = YCQ+ D) dQCQ+ D),
dZ, = dZ(CQ+ D)™
+ {A=(Z+ X2+ p)(CQ+ D)'C}dQ(CQU+ D),

t
(4.3) ;Q* — (CQ+ D) {(CQ + D)S—Q}
(CQ+ D) t{ (CZ +Clu— D) t(a%) }
and
0
(4.4) o7 = €2+ D)=

From [14, p. 33| or [20, p. 128], we know that

(4.5) Y,=4CQ+D)'Y(CQ+ D) = {CQ+ D) 'Y(CQ+ D)
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Using Formulas (4.1), (4.2) and (4.5), the author [29] proved that for any two
positive real numbers A and B,

s, .\ p = Atr<Y*1dQY*1dﬁ)
+B {tr (Y—“vvy—ldﬂ Y—ldﬁ) + tr(y—“(dZ) d?)
—tr<v Y1dQ Y‘”(d?)) . tr(vy—ldﬁy-”(dZ))}

is a Riemannian metric on H, ,, which is invariant under the action (1.2) of G.

The following lemma is very useful for computing the invariant differential opera-
tors. H. Maass [13] observed the following useful fact.

Lemma 4.1. (a) Let A be an m x n matriz and B an n x | matriz. Assume that the
entries of A commute with the entries of B. Then '(AB) = 'B 'A.

(b) Let A, B and C be a k x 1, an n X m and an m X | matriz respectively. Assume
that the entries of A commute with the entries of B. Then

{AYBC)) = BYA'C).

Proof. The proof follows immediately from the direct computation. 0

Using Formulas (4.3), (4.4), (4.5) and Lemma 4.1, the author [29] proved that the
following differential operators M; and Mj on H,, ,, defined by

ws (v 2(2))

and

o9\ 0 L7 R

o9\ 8 M9 b

are invariant under the action (1.2) of G”. The author [29] proved that for any two
positive real numbers A and B, the following differential operator

4 4
4. AN = —M —M
( 8) n,m;A,B A 2 + B 1

is the Laplacian of the G”-invariant Riemannian metric ds? ,, 4 .
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Proposition 4.1. The following differential operator K on H,, ,,, of degree 2n defined
by

» - ot ae (2 2))

is invariant under the action (1.2) of G”.

Proof. Let Ky x pux) denote the image of K under the transformation

(2 2) — ((M-Q,(Z + X2+ p)(CQ+ D))

with M = (é ZB;) € Sp(n,R) and (A, u; k) € Hﬂ({“m). If fis a C*° function on H,, ,,,
using (4.4), (4.5) and Lemma 4.1, we have

9 [ o, — of
Koy f = det(Y)|det(CQ+ D)% det | (CQ + D)a—Z (CQ + D)a—7

= det(Y)] det(CQ+ D)|* det | (O + D>t{m - D)(aiz@_é) ) H

= det(Y)|det(CQ + D)|2 det | (CQ + D)it(g—é> Mo+ D)}

A
8 trof
—- Kf.

Q

Since M € Sp(n,R) and (A, u; k) € Hﬂ(gn’m) are arbitrary, K is invariant under the
action (1.2) of G7. O

Proposition 4.2. The following matriz-valued differential operator T on H,, ,,, defined
by

tro 0
4.10 T=(=)Y=—=
(4.10) (32) 0z
is invariant under the action (1.2) of G7.

Proof. Let Ty (x ) denote the image of K under the transformation

(Q,Z) — (M-Q,(Z + X2+ p)(CQ+ D))
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with M = é lB)) € Sp(n,R) and (\, pu; k) € Hﬂ({"’m). If f is a C* function on H, ,,
(4

according to (4.4), (4.5) and Lemma 4.1, we have

t
Ty f = ((Cﬁ + D)s—i) {CQ+ D) 'Y (CQ+ D) HCQ+ D)a_f

07
tr o\ . of

= Tf.

Since M € Sp(n,R) and (\,u; k) € Hﬂ(g’m) are arbitrary, T is invariant under the
action (1.2) of G”. O

Corollary 4.1. Each (k,l)-entry Ty, of T given by

4.11 Ty = i ——, 1< k1<

( ) kl 2]221 Yij azkiale >~ m

s an element ofD(Hmm).

Proof. Tt follows immediately from Proposition 4.2. 0

Now we consider invariant differential operators on the Siegel-Jacobi disk. Let
D, = {W eC™ | W ="W, I, -WW >0}

be the generalized unit disk.

For brevity, we write D,,,, := D,, x Cmn). For a coordinate (W,n) € Dy, with
W = (w,,) €D, and n = (ni) € Cm") we put

dW = (dwy), dW = (dw),
dn = (dw), dn = (dny)
and
i_ 146, O i_ 1+, O
aW 2 aw/u/ ’ aW 2 awul/ ’
P 9 d 9
9 on Mm1 o omyy OMpn1
o\ o 5| o | )
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We can identify an element g = (M, (\, u;k)) of G/, M = (

with the element

0 B Al'u— B\
I, n K

0 D Clu— DX
0 0 1,

o Q>

of Sp(m + n,R).

We set

T — i Im+n Im+n

We now consider the group G? defined by
G! =T 'G'T.,.

A B
_ i J i _
If g=(M,(\, k) € G” with M = <C’ D
-1 - P* Q*
(4.12) T, 'gT. = (@* 7. )
where

Pim (s fyy HO O PO )

A+ ip) Iy +15
0. (4,2, e
=S
and P, () are given by the formulas

(4.13) P:%{(A+D)+ i(B—C))
and
(4.14) Q:%{(A—D)—i(BJrC)}.

From now on, we write

(5 9) (30 30— %))

In other words, we have the relation

A B
C D

) € Sp(n,R)

) € Sp(n,R), then T 'gT, is given by

(6 5) )= ((5 3). (0+im. 50— i)

HE™ = {(&m3 Q)] & e C™M, ¢ e C™™, ¢+ 7'¢ symmetric }
be the complex Heisenberg group endowed with the following multiplication

Let

&n; Qo€ ;) =&+ n+n ¢+ +&

- ')
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We define the semidirect product
SL(2n,C) x H™

endowed with the following multiplication

(7 §)-en0)-((7 §) @)
= ((Z 2) (g g,/),(5+£’,7”7’+77’;<+§’+§tn’—ﬁt§')),

where £ = P +nR and 7 = £Q' + 1S,
If we identify H{"™ with the subgroup
{(¢,& k)| £ e CmM, ke RWM Y
of H((Cmm), we have the following inclusion
G7 c SU(n,n) x HY"™ c SL(2n,C) x H"™.
We define the mapping © : G/ — G/ by

413 o((5 5) 0n) = ((5 9). (Go+ i, 50 ~i5))

where P and Q are given by (4.13) and (4.14). We can see that if g, g, € G”, then
©(g192) = ©(91)O(g2)-
According to [26, p.250], G is of the Harish-Chandra type (cf. [17, p. 118]). Let

gs = <(g %) s (A g ff))

be an element of G7. Since the Harish-Chandra decomposition of an element (Z g)

in SU(n,n) is given by

P Q\ (I, QS (P—QS'R 0\ [ I, 0
R s)~\o 1, 0 S)\S'R 1I,)

the Pf-component of the following element

L W
g*.((o In>,(o,n;0)), WeD,

of SL(2n,C) x HI™ is given by

(4.16) ((Ig (PW + @(I?W + F>_1> (0, (n+ AW + ) @W + ) 0)) .
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We can identify D, ,, with the subset

(5 ™). t0m0) | wep necomn)

of the complexification of G7. Indeed, D,, ,, is embedded into P, given by

Pr = { ((I(;‘ I;V) ,(0,77;0)) ‘ W ="*WecCcm, necmn }

This is a generalization of the Harish-Chandra embedding (cf. [17, p. 119]). Then we
get the natural transitive action of G on D, ,,, defined by

(4.17) ((g %) (66 m)) - (W, n)

= ((PW+Q@QW + Py, (1 + €W +9@W + P)7),

where (g %) eG,, €€ C(m,n)’ k € Rmm) and (V[/'7 7]) c ]D)n’m_

The author [30] proved that the action (1.2) of G’ on H,,, is compatible with the
action (4.17) of G on Dy, through a partial Cayley transform ® : D, ,,, — H,,,
defined by

(4.18) O(W, 1) == (z’([n WY (L — W)L, 24 (I, — W)*l).
In other words, if go € G’ and (W,7n) € Dy, 1,

(4.19) go - ®(W,n) = ®(g. - (W, n)),

where g, = T, 'goT.. ® is a biholomorphic mapping of D,, ,,, onto H,,, which gives
the partially bounded realization of H,, ,, by D,, ,,,. The inverse of ® is

oYQ, 7) = <(Q — L) (Q+ i)Y, Z(Q+ ﬂn)*l).

For (W,n) € D, ,,, we write
(2, 2) := 2(W,n).

Thus
(4.20) Q=i(l, + W)(IL, — W)™, Z =2in(l,— W)™
Since
d(I, — W)™t = (I, = W) "W (I, — W)™}
and

Lo+ (L + W)L, — W)t =2(, - W)™,

we get the following formulas from (4.20)
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(4.21)

(4.22)

(4.23)
(4.24)

s
dz
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1
2i
1 — _
E (Z_ Z) = n(]n - W)_l +ﬁ(In - W)_17
24 (I, — W) Ydw (I, — W)™,

2 {dn (L, — W)W }(]n W)L,

Q-Q)= (L, -W) ', - WW)(U, - W)™,

Using Formulas (4.18), (4.20)-(4.24), the author [31] proved that for any two posi-
tive real numbers A and B, the following metric ds, ., p defined by

2
dSDn,m; )

4Atr<([n —WW) W (I, — WW)*ldW)

+4B{ (

~—~

L — W)~ (dn) )

(7 = ) (L — W)~ dW (L, — W)~ (dn) )

._g
VS

+
=

(@ = n)(L, = W)~ iV (1, — W)~ (dn) )

L—F
-

(I, — WW) "Lty (I, — WW) "\ WdW (I, — WW)—ldW>
W (L, — WW)~ 55 (I, — WW) "t dW (I, — WW)‘MW)

(I, = WW) iy (I, — WW) " dW (I, — WW) " dW

N—

tr

,.1

|
=y
N N ~N \/—\

(I, — W)Yt W (I, — W)~ 1dW(In—WW)‘1dW)

+tr{ (I, = W) (L, — W)L, = WW)  gn (I, — WW) ™!

VS

% (L — W)L, — W)~ \dW (I, — WW)*ldW)
- tr(([n CWW) L, — W) (I, — W)t (1, — W)L

x dW (I, — WW)—ldW) }

is a Riemannian metric on D,,,, which is invariant under the action (4.17) of the

Jacobi group G?.
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We note that if n=m =1and A= B =1, we get

1o AW AW N 1
et = WRE T (1= W)

dn dn
1 nan

L+ WP =TT — Wi
(l — |W|2)3 dW dW
nW =7 W=y
——dWd —— dWdn.
T I g e Y

From the formulas (4.20), (4.23) and (4.24), we get

(4.25) a%: %(In—w) r{([”_w)%}_t{tnt(a%)”

and

o 1
(4.26) 57 = 3i =g,

23

Using Formulas (4.20)-(4.22), (4.25), (4.26) and Lemma 4.1, the author [31] proved

that the following differential operators S; and S, on D, ,,, defined by

o (5)

s = () (- win 2) )

and

oW
+r (t(n —-W) t<a%> (Zn WW>%)
ttr ((n —nW) t(“ﬂ - WW)%) 3%)
- (nW(]n ~WW)~! tnt((%) (In WW)O%)
tr (ﬁwun —w) tﬁt(g) (I WW)%)
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are invariant under the action (4.17) of GZ. The author also proved that
1

4.27 Ap ap:i= —

(4.27) DymidB = 7

is the Laplacian of the invariant metric ds3, .4 p on Dy, (cf. [31]).

1
Sy + ESl

Proposition 4.3. The following differential operator on D, ,, defined by
(4.28) Kp = det(I, — WW) det o0

| o on \ o
is invariant under the action (4.17) of G on Dy, .

Proof. 1t follows from Proposition 4.1, Formulas (4.21), (4.26) and the fact that the
action (1.2) of G’ on H,, ,, is compatible with the action (4.17) of G on D,, ,,, via the
partial Cayley transform. O

Proposition 4.4. The following matriz-valued differential operator on D, ,, defined
by
t
0 — 0
(4.29) T™ = (— ) (I, - WW)=—
on on

is invariant under the action (4.17) of G on Dy, ,,.
Proof. 1t follows from Proposition 4.2, Formulas (4.21), (4.26) and the fact that the

action (1.2) of G’ on H,,,, is compatible with the action (4.17) of G/ on D,, ,,, via the
partial Cayley transform. 0

Corollary 4.2. Each (k,l)-entry T%, of T® given by
(4.30) Th=> (515 - W, ij> —— 1<klI<m
r=1

Py MOy’

is a G -invariant differential operator on Dy

Proof. 1t follows immediately from Proposition 4.4. O

For two differential operators D; and Dy on H, ,,, or D, ,,,, we write

[Dl, DQ] = D1D2 — D2D1.

Then

(4.31) Mj = [My, My| = MM, — MM,

is an invariant differential operator of degree three on H, ,, and
(4.32) Py = [K, Ty] = KTy — TyK, 1<kl<m

is an invariant differential operator of degree 2n + 1 on Hi, ,,.
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Similarly
(4.33) Ss = [S1,S2] = S1Ss — S2Sy
is an invariant differential operator of degree three on D, ,,, and
(4.34) Qu = [Kp, Ty = KpTh, — TpKp, 1<kl<m

is an invariant differential operator of degree 2n 4+ 1 on D, ,.

Indeed it is very complicated and difficult at this moment to express the generators
of the algebra of all G/-invariant differential operators on D,, ,,, explicitly.

5. The Case n=m =1

We consider the case n = m = 1. For a coordinate (w, &) in T} ; = C x C, we write
w=r+is, £E=(+in € C, rs,(,nreal. The author [27] proved that the algebra

Pol(ﬁl) is generated by

T B R
a(w,§) = ff— ¢+
P(w,§) = —Re (£*w) =
W(w, &) = 5 Im () = £ s( ~ )+,
In [27], using Formula (3.11) the author calculated explicitly the images
Di =011(q), Dy=014(a), D3=061,(¢) and Dy=0y,(e))

of g, £, ¢ and ) under the Helgason map ©; ;. We can show that the algebra D(H, ;)
is generated by the following differential operators

02 0> 0? 0>
D=y’ (m*m)*” (wﬂaT)
02 02
+2yv (8x3u i 8y8v>’
02 02
D2_y(a_+w)v
a9 ( 0 02 9
_ 2 A S N
Ds =y dy (8u2 8v2> 2 0x0udv

0
—<U%+1)D2

(¢t =) +sCn,

[l ORI
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and

a [ 0 0? ok
—2 [ = - ) 292
Di=y Oox (81)2 ou? ) 2y Jyoudv

0

— =D
v 8'& 2,

where 7 = x 4+ 1y and z = u + v with real variables z, y, u, v. Moreover, we have

o (& &
2
Diba=Dal = 2075 (@ - @)

3
—4y2 0 —2(U£D2+D2)

O0x0uov ov

In particular, the algebra D(H, ;) is not commutative. We refer to [1, 27] for more
detail.

Recently Hiroyuki Ochiai [15] (cf. [1]) proved the following results.
Theorem 5.1. We have the following relation
(5.1) #+ 9% = gal.
This relation exhausts all the relations among the generators q, o, ¢ and ¥ of Polﬂl).

Theorem 5.2. We have the following relations

(b) [D1, D3] =2D1Dy — 2D;
(¢) [Ds, D3] = —Dj3

(d) [D4, Dl] =0

(e) [D4,Da] =0

(f) [Ds,D3]=0

(9) D3+ D? = D,D,D,

These seven relations exhaust all the relations among the generators Dy, Do, D3 and
D4 Of]D)(Hl,l)-

We can prove the following
Theorem 5.3. The action of U(1) on Polggl) is not multiplicity-free.

Finally we see that for the case n = m = 1, the seven problems proposed in Section
3 are completely solved.
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Remark 5.1. According to Theorem 5.2, we see that Dy is a generator of the center

of D(H, 1). We observe that the Lapalcian
4 4
Al,l;A,B = ZDl + E.DQ (see (48))

of (Hy,,ds? .4 p) does not belong to the center of D(Hy ;).

6. The Case n =1 and m is arbitrary

Conley and Raum [5] found the 2m? + m + 1 explicit generators of D(H, ,,,) and
the explicit one generator of the center of D(H, ,,). They also found the generators
of the center of the universal enveloping algebra of 5.1( d ) of the Jacobi Lie algebra

g’. The number of generators of the center of f(g”) is 1+ m(m+1)

According to Theorem 3.2, Pollljﬂ(i) is generated by

(6.1) q(w, &) = tr(w@),
(6.2) ap(w,€) = Re (€ tf)kp = Re (5,@), 1<k<p<m,
(63) Bw,€) = Im (€7),, = Im(§E,), 1<l<q<m,
(6.4) Jip(w, &) = Re (W&, = Re (W& &), 1<k<p<m,
(6.5) Grp(w, &) = Tm (WE ), = Im (W& &), 1<k <p<m,
where w € C and £ € C™.
We let
w=r+is€C and &="&, - ,&n) €C with & =G +im, 1 <k <m,
where 7,5, (1, M1, -, G, M are real. The invariants q, oy, Biq, frp and gi, are ex-

pressed in terms of 7, s, (x, 7 (1 < k,1 < m) as follows:
g(w,§) = r’+s",
arp(w,§) = GG +mmp, 1<k<p<m,
Big(w,§) = Cm—Gqng, 1<1<qg<m,
Jrp(w, &) = 7(GCp — memp) + 5(CGemp +mGp), 1<k <p<m,
(w,&) = r(Gmp +mlp) — (GG —memp), 1<k <p<m.

)

gkp )

Theorem 6.1. The % relations

exhaust all the relations among a complete set of generators q, aup, Big, frp and gip
ofPolg,(vi) withl <k<p<mand1 <Il<qg<m.
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Theorem 6.2. The action of U(1) on Poly ,, is not multiplicity-free. In fact, if
Poly ,, = Z My O,
sel(1)

then my = o0.

Problem 1, Problem 2, Problem 4, Problem 5 and Problem 7 were solved. Problem
3 can be handled. Finally Problem 6 is unsolved in the case that n = 1 and m is
arbitrary.

7. Final Remarks
Using G”-invariant differential operators on the Siegel-Jacobi space, we introduce
a notion of Maass-Jacobi forms.

Definition 7.1. Let
Fn,m = Sp(”? Z) X Hé”vm)

be the discrete subgroup of G, where
zm = {()\,,u; k) € HY"™ | X, p, ks are integral } :

A smooth function f : H, ,, — C is called a Maass-Jacobi form on L, ., if [ satisfies
the following conditions (MJ1)-(MJ3) :
(MJ1) f is invariant under I'y, p,.
(MJ2) f is an eigenfunction of the Laplacian Ny, .4 (cf. Formula (4.8)).
(MJ3) [ has a polynomial growth, that is, there exist a constant C > 0 and a
positive integer N such that

(X +14Y,2)| < Clp(Y)|V as detY — oo,
where p(Y') is a polynomial in'Y = (y;;).

Remark 7.1. Let D, be a commutative subalgebra of D(H,, ) containing the Lapla-
cian Ay m.a,5. We say that a smooth function f : H,,, — C is a Maass-Jacobi
form with respect to D, if f satisfies the conditions (M J1), (MJ2), and (MJ3) : the
condition (M J2), is given by

(MJ2). f is an eigenfunction of any invariant differential operator in D,.

It is natural to propose the following problems.
Problem A : Find all the eigenfunctions of A,, ;.4 5.

Problem B : Construct Maass-Jacobi forms.



INVARIANT DIFFERENTIAL OPERATORS ON SIEGEL-JACOBI SPACE 29

If we find a nice eigenfunction ¢ of the Laplacian A, ,,.4 5, We can construct a
Maass-Jacobi form f4 on H, ., in the usual way defined by

(71) f¢(QvZ) = Z ¢(7 (Q7 Z)),

’YEF%?m \Fn,m

r;“jm:{((é g),()\,u;ﬁ;)> €T | O:O}

is a subgroup of I', ,,,.

where

We consider the simple case n =m = 1 and A = B = 1. A metric ds} ., ; on Hj,
given by

y + v?

1
ds3 1., =T (dz® + dy*) + ;(duQ + dv?)

2
- y—s(d:cdu + dydv)

is a G”-invariant Kahler metric on H, ;. Its Laplacian A; ;.4 is given by

0? 0?
A1 =92 [ — + =—
L1 =Y <8x2 + ayQ)
0? 0?
2 — —
ly+o) ((‘3u2 - 8v2>
0? 0?
2 )
T ey (8x8u T Gyﬁv)
We provide some examples of eigenfunctions of Ay 1. 1.

(1) h(z,y) = y%sté(Qﬂa]y) e*™at (s € C, a # 0) with eigenvalue s(s — 1). Here

1 o0
K(z) == 5/0 exp{—g(ﬂ—t_l)} 571 dt,

where Re z > 0.
(2) v*, y°z, y*u (s € C) with eigenvalue s(s — 1).
(3) y*v, y*uwv, y°zv with eigenvalue s(s + 1).
(4) z, y, u, v, zv, uv with eigenvalue 0.
(5)

All Maass wave forms.

Let p be a rational representation of GL(n,C) on a finite dimensional complex
vector space V,. Let M € R(™™) he a symmetric half-integral semi-positive definite
matrix of degree m. Let C*°(H,,,,V,) be the algebra of all C* functions on H, ,,
with values in V,. We define the |, y-slash action of G’ on C*°(H,,,,V,) as follows:
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If f € C%(Hym, V),

f|p,M[(Ma ()‘7 s I{))](Q7 Z)
(72) — 6—27ritr(M[Z—l—)\Q—i—u](CQ—&—D)*lC’) . eQWitr(M(AQtA+2)\tZ+f€+/At>\))

x p(CQ+ D) (M -Q,(Z+ X2+ p)(CQ+ D)™,

C D
alf] = 'Baf for suitable matrices o and 3. We define D, s to be the algebra of all
differential operators D on H, ,, satisfying the following condition

(7.3) (Df)lpmlgl = D(f]pmlg])
for all f € C*°(H,,,,V,) and for all g € G’7. We denote by Z, v the center of D, r4.

where (A B) € Sp(n,R) and (A, u; k) € Hﬂ({n’m). We recall the Siegel’s notation

We define an another notion of Maass-Jacobi forms as follows.

Definition 7.2. A vector-valued smooth function ¢ : H,, ,, — V, is called a Maass-
Jacobi form on H, ,, of type p and index M if it satisfies the following conditions
(MJl)mM, (MJ2>p,M and (MJ?’)p,M N

(MJ)ppm Plpmly] = ¢ forally € Ty .

(MJ2),m  f is an eigenfunction of all differential operators in the center Z, y
Of ]DP,M‘

(MJ3),m f has a growth condition

¢(Q, Z) _ O<eadetY . 627rt7"(M[V]Y_1)>

as detY — oo for some a > 0.

The case n = 1, m = 1 and p = det*(k = 0,1,2,---) was studied by R. Bendt
and R. Schmidt [1], A. Pitale [16] and K. Bringmann and O. Richter [3]. The case
n = 1, m =arbitrary and p = det*(k = 1,2,---) was dealt with by C. Conley and
M. Raum [5]. In [5] the authors proved that the center Zj.x s of Dyyr o is the
polynomial algebra with one generator C¥™, the so-called Casimir operator which is
a |4epk aq-slash invariant differential operator of degree three for the case n = m = 1 or
of degree four for the case n = 1, m > 2. Bringmann and Richter [3] considered the
Poincaré series P,i”j\z)s (the case n = m = 1) that is a harmonic Maass-Jacobi form
in the sense of Definition 7.2 and investigated its Fourier expansion and its Fourier
coefficients. Here the harmonicity of P,g"/&)s means that Ck’MP,EZ’QS =0, i.e., P,E”AZ)S
is an eigenfunction of C*M with zero eigenvalue. Conley and Raum [5] generalized
the results in [16] and [3] to the case n = 1 and m is arbitrary.

Remark 7.2. In [2], Bringmann, Conley and Richter proved that the center of the
algebra of differential operators invariant under the action of the Jacobi group over a
complex quadratic field is generated by two Casimir operators of degree three. They
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also introduce an analogue of Kohnen’s plus space for modular forms of half-integral
weight over K = Q(1), and provide a lift from it to the space of Jacobi forms over K.
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