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SINGULAR JACOBI FORMS

JAE-HYUN YANG

ABSTRACT. We introduce the differential operator M, , , characterizing sin-
gular Jacobi forms. We also characterize singular Jacobi forms by the weight
of the associated rational representation of the general linear group. And we
provide eigenfunctions of the differential operator M, , , .

1. INTRODUCTION

Let g and 2 be two positive integers. Let .# be a symmetric positive
definite, half-integral matrix of degree 4. For two positive integers k and /,
we denote by R*-)) the space of all k x | matrices with entries in the field R
of real numbers. We let

Py = {Y eR&| Y ='Y >0}

be the open convex cone of positive definite matrices of degree g in the Eu-
clidean space Ré(e+1)/2, We define the differential operator M, , » on %, x
R*:8) defined by

— 8 11 (8
Mg,,,,,._det(Y)-det(a_Y+8_n (a‘?)“l (517>>,

where

Y=0w) €P, V=(vy)eR"E, i=(1+6ﬂl/ 0 )

oY 2 Oyw

9 _ (j_)

oV - 3’Uk1 ’
We note that this differential operator generalizes the differential operator M,
= det(Y) - det(9/0Y) on %, which was introduced by H. Maass (cf. [M]).
Using the differential operator M, , Maass (cf. [M], pp. 202-204) proved that
if a nonzero singular modular form of degree n and weight k exists, then
nk =0 (mod 2) and 0 < 2k < n—1. The converse was proved by R. Weissauer
(cf. [W], Satz 4).
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The aim of this paper is to characterize singular Jacobi forms. Singular Jacobi
forms are defined to be the Jacobi forms which admit a Fourier expansion such
that a Fourier coefficient ¢(7, R) vanishes unless

T %R
det<%,R /) =0.
For more detail, we refer to Definition 2.2. This paper is organized as follows.
In Section 2, we review the notion of singular Jacobi forms which was intro-
duced by Ziegler (cf. [Z], Definition 3.7) and establish the notations. In Section
3, we investigate some properties of the differential operator M, , , to be
used in the next section. In Section 4, we prove the main theorems. That is, we
prove that singular Jacobi forms are characterized by M, , , and the weight of
the associated rational representation of the general linear group GL(g, C). In
the final section, we provide eigenfunctions of the above-mentioned differential
operator M, , 4.

Notations. We denote by Z, R and C the ring of integers, the field of real
numbers, and the field of complex numbers respectively. Sp(g, R) denotes
the symplectic group of degree g. H,; denotes the Siegel upper half plane
of degree g. For M = (£ 2) € Sp(g,R) and Z € H,, we set M(Z) :=
(AZ + B)(CZ + D)~'. T, := Sp(g, Z) denotes the Siegel modular group
of degree g. [y, k] (resp. [I'g, p]) denotes the vector space of all Siegel
modular forms of weight k& (resp. of type p). The symbol “:=" means that
the expression on the right is the definition of that on the left. We denote by
Z* the set of all positive integers. F(:)) denotes the set of all k x / matrices
with entries in a commutative ring F. For any M € F*.) A denotes the
transpose matrix of M. For 4 € Fk-%) g(A) denotes the trace of 4. For
A€ F&kD and B € F*.K)  we set B[A] = 'ABA. E, denotes the identity
matrix of degree g.

2. SINGULAR JACOBI FORMS

In this section, we establish the notations and define the concept of singular
Jacobi forms. Let

Sp(g. R) = {M € RO | MU M = J,)

be the symplectic group of degree g, where
_( 0 Eg
W (3, %)
It is easy to see that Sp(g, R) acts on H, transitively by
M(Z):=(AZ + B)(CZ +D)™!,

where M = (£ 5) € Sp(g,R) and Z € H,. For two positive integers g and
h , we consider the Heisenberg group

HEM = {[(A, p), k]| A, u e R®8) c e R%D i 4 '3 symmetric}
endowed with the following multiplication law
(A, 1), Klo[(A, &), K':=[A+ A, u+ ), K+ + 210" — p'A].
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We define the semidirect product of Sp(g, R) and H,(!g o
G’ :=Sp(g, R) « HEM
endowed with the following multiplication law
(M’ [(’1, lu) s K]) ° (M/ ’ [(A, ’ /l/) > K,])
= (MM [A+A, g+uw), k+x" +Au - i3'd]),
with M, M’ € Sp(g,R) and (4, 1) := (A, p)M’. It is easy to see that G’
acts on Hy x C*-8) transitively by

(2.1) (M, (A, w),k])-(Z, W):=(M(Z), (W+AZ +pu)(CZ + D)),

w(l:‘er? M= (4 2)eSpg,R), [(A, u),x] € HE? and (Z, W) € H, x
Ccin.8)

Let p be a rational representation of GL(g, C) on a finite dimensional com-
plex vector space V,. Let # € R be a symmetric half-integral semipositive
definite matrix of degree 4. Let C®(H, xC*-8) | V) be the algebra of all C>®
functions on H, x C*-&) with values in V,. For f € C®(Hy x C*:8) V),
we define

(f‘p,.l[(M, [()', /l), K])])(Z ’ W)
(2.2) -— o~ 2Mio(HIWHAZ+u)(CZ+D)™'C) | p2mio(# (AZ'A+24 ‘W (x+p '4)))

x p(CZ +D) ' f(M(Z), (W +AZ +u)(CZ +D)7 1),
where M = (£ 5) e Sp(g,R) and [(4, u), k1€ HE".
Definition 2.1. Let p and .# be as above. Let
HEP = {[(A, ), k1€ HEP| 2, pe Zh-9 ke ZH:1},

A Jacobi form of index .# with respect to p on I'y is a holomorphic function
f € C®(Hg x C#-8 | V,) satisfying the following conditions (A) and (B):

(A) fl, #[71=f forall €T} :=Tg o HE".

(B) f has a Fourier expansion of the following form:

fZ,wy= S Y T, R)-e¥iolT2). prio(RW)

T>0  ReZ@.h
half-integral

with ¢(T, R) #0 only if (,7 >0,

If g > 2, the condition (B) is superfluous by the Koecher principle (cf. [Z],
Lemma 1.6). We denote by J, ,(I';) the vector space of all Jacobi forms
of index .# with respect to p on I'y. In the special case V, = C, p(4) =
(detA)* (k € Z, A€ GL(g, C)), we write J;_4(T) instead of J, ,(I';) and
call k the weight of a Jacobi form f € Ji ().

Ziegler (cf. [Z], Theorem 1.8 or [E-Z], Theorem 1.1) proves that the vector
space J, «(I';) is finite dimensional.

Definition 2.2. A Jacobi form f € J, ,(I;) is said to be singular if it admits
a Fourier expansion such that a Fourier coefficient ¢(7, R) vanishes unless

det( 7 y_o.
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Example 2.3. Let S € Z(%:2k) be a symmetric, positive definite, unimodular
even integral matrix and ¢ € Z(%*-%) | We define the theta series

(2.3) 19‘(98’)0(2, W) = z en{a(S).z';.)+Za(tcS).1W)}’ ZeH,, We Ch.8),
AEZ(2k . &)
We put £ .= %'cSc. We assume that 2k < g + rank(#). Then it is easy to
see that 9 isa singular Jacobi form in J; ,(I',) (cf. [Z], p. 212).
S,c , g

Remark 2.4. Without loss of generality, we may assume that .# is a positive
definite symmetric, half-integral matrix of degree s (cf. [Z], Theorem 2.4).
From now on, throughout this paper .# is assumed to be positive definite.

3. THE DIFFERENTIAL OPERATOR M, ; »

Let &, be the open convex cone of positive definite matrices of degree g
in R8(&+1/2 defined in the introduction.
From now on, for ¥ = (y,,) € % and V = (vy;) € R#:8) , we write

dY = (dyu), dV=(dvy), 1<pu,v<g, 1<k<h, 1<l<g,
i_(1+6,,,,0) _Q__(B

Yy 2 ay,,,, ’ 6V- 3’Uk[ )

For a real matrix X of degree g and an integer k with 1 < k < g, we

denote by Ci(X) the matrix of minors of degree k. We define the differential
operator M , on % x R*:& by

(3.1) My p:=0 (Ck(Y)Ck (BB_Y + % l (567) <%>)) , 1<k<g.

Following the notations of H. Maass (cf. [M], p. 67), the differential operator
M, , may be expressed as

Mk’h= Z (al.'.ak) .(ﬁl...ﬂk) ) lsksg.
l$a|<~~~<ak5g Bl “'ﬂk Y 1 ...ak 5%"'#’(5%7)(3%7)
1Spi<<Br<g

In particular, we are interested in the following differential operator

(3.2) M, ;= det(Y) - det (% + % ‘ (%) (;7)) .

Lemma 3.1. Let T ='T e R*%-8 and R € R(&:" | Then we have

(3.3) aa_Ye—Ma(TY) = _2pe~2mo(TY) . T

and

(34) Mg,h(e—er(TY+RV)) = (_g)g det(Y . (4T — R tR)) . e—21w(TY+RV).

Proof. (3.3) follows from an easy computation. We set

(3.5) P:=(Py):= ‘%, + Sin t (5‘??) ((%) .
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Then we have

(3.6) P, -—i+i2 o l<u<g
. unu - 6y”# 87! p avlzu ’ = = ’
and
1 8 1 ¢ 82
(3.7) P =3 I<u<v<g

20V | 87 2 DU,
We note that if T = (f,,), R=(ry) and V = (vg,), then

o(TY) = Z LupVup + 2 Z LwYw, O(RV)= Z Z T uk V-

pu=1 u<v u=1k=1

By an easy calculation, we get

h
- n _
B (‘% - z) T,
k=1

[\

Thus we get
(3.9)  det(P)(e 2re(TY+RYV)) — (—g)g det(4T — R'R) - ¢~ 2n0(TY+RV),

Consequently we obtain the desired result (3.4). O

Now we let .# be a symmetric positive definite, half-integral matrix of degree
h. We define the differential operator M, ; » on P, x R#-8 by

_ o L' ypd -1 9 )
(3.10) M, s = det(Y)- det(ay - (/ 3V) (/ X

By changing the coordinate V by ¥ = .#'/2V  we obtain 8/0V = .#-128/0V .
Thus (3.10) may be written as

(3.11) Mg h e =det(Y)- det(aay b t(aif/) (%))

Theorem 3.2. Let T ='T ¢ R*:8) and R € R(&-") . Then we have
Mg A l(e—2na(TY+RV))

3.12
312 (—%)g det(Y - (4T — RA~VR)) . e~ 20 (TY+RV),

Proof. If weset R = R4 ~1/2 then RV = RV. Applying (3.11) to e~2mo(TY+RV)
= e~ 27o(TY+RV) and using Lemma 3.1, we obtain the desired result (3.12). O

4. PROOF OF MAIN THEOREMS

First we prove that a singular Jacobi form is characterized by the differential
operator My , 4.
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Theorem 4.1. Let f € J, 4(I'y) be a Jacobi form of index .# with respect to
a rational representation p of GL(g,C). Then the following conditions are
equivalent:

(1) f is a singular Jacobi form.

(2) f satisfies the differential equation My j 4f =0.

Proof. First we observe that for a Fourier coefficient ¢(7T', R) of f(Z, W), we
have

T iR\ _(E;, ‘R#-'\(T- R#-VR 0\ '(E, iR#™!
ItR #)”\0  E 0 M 0 " E, )

Thus it follows immediately that det( %,TR $%)= 0 if and only if

det(4T — R#~''R) =0.
Suppose f € J, #(I'g) is singular. Then according to Theorem 3.2, we have

Mg,h,/f(za W) = (_%)gdet(Y) ZC(T’ R)det(4T_M—ltR)
T,R

x eZm’a(TZ) . e21tia(RW).

Since f singular, ¢(T, R) # O implies det(4T — R#~''R) = 0. Hence we
obtain the equation M, ; »f =0.
Conversely, we assume M, ; »f =0. Then

(_g)g det(Y)c(T, R)det(4T — RA~''R)

1 1
= [ [ My af (@, W) e Tz xaru),
0 0
where Z = X +iY, W=U+iV withreal X =(xu), ¥ =Ww), U= (ux),
V = (vyy) and
d[X]d[U] = dxudxlz i 'd)Cg..1 ,ga’xggdu“ cee du;,,g_lduhg.
According to the assumption, we have for any 7 and R
o(T, R)-det(4T — R#~''R) = 0.
This means that ¢(T, R) # 0 implies det(47 — R#~''R) = 0. Hence f is
singular. O
Let S be a symmetric positive definite integral matrix of degree 4 and let
a,be Q"8 We consider
(4.1) O 4 b(Z , W)= Z em‘a{S((ﬂ.+a)Z'(A+a)+2(l+a)'(W+b))}
AEZH . 8)

with characteristic (a, b) converging uniformly on any compact subset of Hj x
Cth.28)

If f is a Jacobi form in J, ,(I'g), then according to [Z], we may write

42) fZ, W)=Y fuZ)-0ru,a,0(Z, W), ZeHy,, WeCho,
aeN

where ./ is a complete system of representatives of (2.#)~'Z#-8)/Z*.8) and
{fa: Hg — V,| a € #'} are uniquely determined holomorphic vector valued
functions on Hy .

According to Yang (cf. [Y], Corollary 3.2), we have
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Proposition 4.2. Let 2.# be unimodular. We assume that p satisfies the fol-
lowing condition:

(4.3) p(A) = p(—A) forall Ae GL(g, C).
Then we have
(4.4) Jp,.#Te) =T, pl- 02 0,0(Z, W)=[Iy, pl,

where j = p® det /2.

Notation 4.3. In Propositoin 4.2, we denote the isomorphism of J, ,(I'g) onto
[T, p®det™?] by

S,y a(Tg) = [Tg, p@det™?].
Definition 4.4. An irreducible finite dimensional representation p of GL(g, ¢)
is determined uniquely by its highest weight (41, A2, ..., 4g) € Z8 with 4; >
Ay > -+ > Ay . We denote this representation by p = (41,42, ..., 4z). The
number k(p) := A, is called the weight of p.

Theorem 4.5. Let 2.# be a symmetric, positive definite, unimodular even matrix
of degree h. Assume that p is irreducible and satisfies the condition (4.3). Then
a nonvanishing Jacobi form in J, 4(T) is singular if and only if 2k(p) < g+h.

Proof. According to Proposition 4.2, we have
Jp,4(Tg) =Tg, p@det™?]-0,0,0,0(Z, W).

Forany feJ, #(Tg), f=S, #(f) 0re,0,0(Z, W). First of all, we observe
that the Fourier coefficients b(T, R) of O, o.0(Z, W) is given by

1 if31eZ"® st. T =4[], 'R=2421,
0 otherwise.

b(T,R):{

Obviously we have 4T — R#Z 'R = 0 for T, R with b(T,R) # 0. Let
a(T) and ¢(T, R) be the Fourier coefficients of S, »(f)(Z) and f(Z, W)
respectively. If ¢(T, R) # 0, then ¢(T, R) =a(T)b(T», R) with T=T\+ T,
because 75 is uniquely determined by R.

Now we suppose that f(Z, W) # 0 is singular. If a(7}) # 0 for some half
integral T} > 0, then there exist 7> > 0 and R € Z(¢-% such that b(T,, R) # 0
and hence ¢(Ty + T2, R) = a(T)b(T, R) # 0 is the Fourier coefficient of
f(Z, W). By assumption and the fact that 47, — R# ~'‘R = 0, we have

det(4(T; + T») — RA~''R) = det(4T}) = 0.

Hence S, «(f) # O is singular. According to [W], Satz 4, we obtain the
condition 2k(p) < g+h. Conversely, suppose 2k(p) < g+h. Then, according
to [W], Satz 4, S, »(f) is singular. If ¢(T', R) # 0, then we have ¢(T, R) =
a(Ty)b(T,, R) for uniquely determined half-integral 7| and 7, with T =
T, + T,. Since a(Ty) # 0 and S, ¢(f) is singular, det(T;) = 0. Using the
fact that 47, — R# 'R =0, we obtain

det(4T — R#~''R) = det(4T}) = 0.
Hence f(Z, W) is singular. This completes the proof. O
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Remark 4.6. For general p and .# without the above assumptions on them, it
is possible to prove that a nonvanishing Jacobi form f € J, 4(I'y) is singular
if and only if 2k(p) < g + h since [W], Satz 4 also holds for normal subgroups
of finite index in I’y .

Remark 4.7. Ziegler (cf. [Z], Theorem 3.12) proved that a strongly singular
Jacobi form may be written as a linear combination of theta series ﬁfé)c (cf.

(2.3)).

Finally we prove

Theorem 4.8. Let .# be a symmetric, positive definite half-integral matrix of
degree h. Then for all a, b € Q"8 , the theta series O, 4 4. 5(Z, W) satisfies
the differential equation

(4.5) Mg v, 4024 ,0.0(Z, W)=0.
Proof. For each 1€ Z":8  we put
T,:='A+a)#(A+a), R;:=2'(A+a).
According to Theorem 3.2, we have
Mg b, a24,0,0(Z, W)
T\& _
= (—5) det(Y)- ¥ det(4T; — Rpt~''Ry)
AEZH.®)
. QMO A (1+a)Z' (+a)+2(A+a) (W+b))}
It is easy to show that det(4T; — R;.#~''R;) = 0 for all A € Z#-8) . Hence we
obtain the equation (4.5). O
5. EIGENFUNCTIONS OF M, ; 4

In this section, we give eigenfunctions of the differential operator M, , .
For Y € &%, , we let Y = T[Q] be the Jacobian decomposition of Y such

that
tn 0 ... 0 1 = ... x
o I I T L
0 0 ... ¢ 00 ... 1
where T is a diagonal matrix with all ¢z, >0 (v =1,...,¢g) and Q is an

upper triangular matrix with ones in the main diagonal (cf. [M]). We call the ¢,
(1 <v <g) and the elements ¢q;; (1 <k </ < g) of Q Jacobian coordinates
of Y.

For s = (s, ..., s¢) € C&, we define the function f;(Y) on &, by

g
S(Y) = [[ gt~ & 04y = T[Ql € .
k=1

We put
CRES (8l|>~-,8lg,-~~,8hl,---,8hg)ezgg, z,={0, 1}.
Thatis, g;j=0orlfor 1<i<hand 1<j<g.
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Theorem 5.1. Let .# be a half-integral positive definite symmetric matrix of
degree h. Let #'/2 be the unique positive definite symmetric matrix such
that (#'/?)? = #. We put #'? = (a;j), 1 < i,j < h. Then for each
§=(S1,...,5) € C® and ¢ = (€11, ..., 8n1>---,Eng) € Zé'g, the function
fie.a(Y, V) on Py x R":8 defined by

h 11 h &ij h hg
Sse.a(Y, V)= fi(Y)- (Z alkvkl) (Z aikvkj) (Z ahkvkg)
k=1 k=1 k=1

is an eigenfunction of the differential operator M, , n with the eigenvalue
A-s,e,.l = Hi:[(sk + (g - 1)/4)'
Proof. We leave the proof to the interested reader. O
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